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ON THE ‘HIGH-INDICES THEOREM’ OF 
HARDY AND LITTLEWOOD 
By A. E. INGHAM (Cambridge) 
[Received 28 July 1936] 


1. SuPPOSE that 
fei =—Fea.0" A <A, < ...; ~ x) (1) 
n=1 


is convergent for s > 0. If the series converges, to the sum A, for 
s = 0 also, then f(s) > A as s > +0, but the converse inference can- 
not be made without subsidiary hypotheses. Such subsidiary hypo- 
theses may bear on {a,}, on {A,}, or on both. The ‘high-indices 
theorem’, conjectured by Littlewood and proved by Hardy and 
Littlewood,* is a theorem with a condition bearing on {A,} only, 


namely, that, 


if A, > 9, 


then the existence and finiteness of lim f(s) imply the convergence of 
s—>+0 


> @,,. 

A simplified proof of this theorem is given in § 2 of the present 
note. In appearance this proof is very different from that of Hardy 
and Littlewood, but the underlying idea is essentially the same. The 
relationship between the two proofs is explained in § 3. 

The method of §2 yields without difficulty a slight extension 
of the result. This includes in particular the proposition that, 
if X,,/A, 1 ~>2 as n>, if the a, are real, and if the function f(s) 
oscillates boundedly as s > +0, then its limits of oscillation are equal 
to those of the series > a,,.+ 

2. The proof is conveniently divided into four stages. The first 
(1), an inequality involving only finite sums, contains the kernel of 
the proof. The deduction of the main theorem (IV) is comparatively 
easy. 


* J. E. Littlewood, Proc. London Math. Soc. (2), 9 (1911), 484-48 (437); 
G. H. Hardy and J. E. Littlewood, Proc. London Math. Soc. (2), 25 (1926), 
219-36. 

+ The occurrence of this phenomenon in connexion with Tauberian theorems 
containing conditions on a, has been investigated in the special case of power 
series by V. Ramaswami, J. of London Math. Soc. 10 (1935), 294-308. 
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A. E. INGHAM 
(1) Suppose that f(s) 


where the x,, satisfy (2), and that 
f(s)| <M (s 
Then a,| < C(c)M 
for each n, where €(c) is a function of ¢ only which is finite for each 
c > 1 and bounded asc >a. 
Take a function P(s) of the form 


R 
P(s) > p,e-bes (O fs << ie << < Bl, 
7 0 


N R 
and let Fe) = > a, P(A,, 8) > Dr Jd (pS). 
n=1 r=0 


The second expression for F'(s) shows at once that 


We now specialize P(s) by taking 
P(s) = (e-*—e-?*)# {p(s)}*, (6) 
say, where 0 < « < Sand BR is a positive integer. This is evidently 
of the form (3) with 


Further p’(s) = —ae-*-+ Be-Bs — e-Ps(B— ae(B—s), 


so that, when s increases from 0 to 0, p(s) increases from 0 to 
a maximum at s =o and then decreases to the limit 0, where 
a = o(x,8) (> 0) is the unique solution of e®-%" = B/x. Hence, if 
p(x) p(X, x, B) p(zo) 
P(e) 

p(x) > 0 when x > 0, p(1) = 1, and p(x) decreases (strictly) as x moves 
away from | in either direction (remaining within the range x > 0). 

Now let |a,,| be the greatest |a,| (or one of the greatest). Then 


m 
y 


it follows from the first of the expressions (4) for F(s) (with P(s) 


defined by (6)), coupled with the hypothesis (2), that 


|F(o/A,,)| | ~~ f (?)\" (i)}" 
Soe |= a, ee >| —* 
ocens®| =| 2, Pa "Wand J 
=> ln ( ] p(c-”)}#— = p(c’)}*) 


m 
F 
t 

v=l1 v=l1 


= |a,, |{1—S;,(c)—Sp(0)}, 


remit 





ON THE HIGH-INDICES THEOREM 3 
say, where S,,(c*!) = S;,(c*!,a,8). Now p(x) is O(x) when 2 > +0 


R 
and O(2-!) when 2-0. Hence the series defining S;(c*") are con- 
vergent for all R > 0, and for R >1 we have, in virtue of the 
properties of p(x), 

S,(c*1) < {p(c*!)}*-18,(c#1) > 0 as R->o. 
Hence, if « is any assigned positive number, we can choose a least 
positive integer R = R(c,a,f,¢) for which 

S;,(e") + Sz(c) < €/(1+e), 

and this R cannot increase with c¢ (a, 8, « remaining fixed), since, for 
a given R, S,(c*1) decrease as ¢ increases. The inequality (8) in 
conjunction with (5) and (7) now gives 


9 


ay (= )'M(+e) [R = R(c,«,B,6)} 
p(o) 


from which we deduce (I) by taking a, f, « to be absolute constants 
(when p(o) becomes an absolute constant and R# a non-increasing 
function of ¢ only). 

We can, in fact, prove a little more (though this is not required 
for the application), namely, that, if €,(c) is the best possible C(c) 
(so that, for each c, €,(c) is the lower bound of all admissible €(c)), 
then €,(c)-> 2 as c-oo. For, since p(x*!) = O(a-") as x >on, it 

obvious that S,(c*!) +0 when co, and therefore that 
?(c, x, B,e) = 1 for ¢ > cy(a,B,¢). Thus 
2 _&A1+e)  A(1+e) 


li See, oe < = ’ 
re OS OT? S “pay eee 





whence lim €,(c) < 2, since e« and « may be taken arbitrarily small 
and £ arbitrarily large. On the other hand, the example 
f(s) = e-*—2e-s 

shows that €,(c) > 2 for all ¢ > 1. 

(11) The result (1) is true with « in place of N, provided that the 
infinite series defining f(s) is convergent when s > 0. 

Take any particular n, say n = q, and a positive number e. Then 
the series for f(s+-e) is uniformly convergent for s > 0, and we can 
find NV = a €,g) > q so that 


|S, a, eens] < |f(ste)|te <M+e (8 > 0), 


whence, by a, |a, eee | < €(c)(M-+e), 


and the result follows on making « > 0. 





(IIIT) Suppose that f(s) is defined by (1) with X,, satisfying (2), that 
the a, are real, and that 


lim f(s) A+4Q 
s—>+0 


are finite (so that Q is the oscillation of f(s) as s > +-0). Then 
lim |a,,| < €(e)Q, 
with €(c) as in (I). i 
Take a positive «. Then we can find 6 = 8(f,«) > 0 so that 
f(s)—f(s’)| <Q+te (O< 8s < 26;0< 8’ < 28). (9) 
Next, since f(s) is continuous when s > 6 and tends to 0 as s >, 
we can find 7 n(f.€.5) = n(f,€) so that 0 << y < 6 and 
f(s)—f(s+) e (s >68). (10) 
Then we shall have 
S(s)—f(s +7) Q) 
by (9) if 0 8 6, and by (10) if s 


x 


}(s) f(s +7) b a, (1—e 


n=1 


Hence, by (I), ~e-An1) C(c)(Q+e) 


for all n, and the result (III) follows since 1 


and e may be taken arbitrarily small. 


(IV) Let }(s) » a, e \ s A, 
n=1 


where the infinite series is convergent when s > 0, the X,, satisfy 


0. lim 
am 


n “A, 


and the a, are real. Then, of 


are finite, we have 


where €,(c) has a finite value, depending only on c, for each c > 1, and 
C.(c)>1 when coo. 

This evidently includes the two theorems enunciated in § 1 

(the restriction to real a, in the first theorem involving, of course, 


no loss of generality). 
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In the proof we may suppose (by removing a finite number of 
terms at the beginning of the series) that the A,, satisfy (2). 
In the special case Q = 0 (corresponding to the first theorem in 
§ 1) we infer from (IIT) that, when » — oo 


a o(1) 0 {(A,,—A,,-1)/A,}, 


n 


by (2), and the desired result follows at once in virtue of a well- 
known elementary Tauberian theorem.* 

To obtain the general form of (IV) we have only to adapt the 
proof of the elementary Tauberian theorem in an obvious way. By 
(2) and (IIT) we have 

lim 


nx n 


and therefore lim 
nD, 
Hence, if B is any number greater than C€(c)Q/(1--c~), we have, 
when n > nm) = n)(f, B) and s > 0, 
] nr d ms, 
>Y a(l—e**)— > aye 
as 1 


r,s 


S a, A, evs 
oe 


y=n+1 


> ] <= > . 
Bie BA,, s+ r a B(A,—A,-1)e™ 


n+l 
2 y= 


x 
” 


B 
< Br, 8-4 | e-“8 du < BA, s+ 
n+l 


Taking s = (A,,A,,,)~ = 8,, we deduce that 


|A,—f(s,)| < 2B(A,/Ana)? < 2Be-* (n > mp). 


n 

Since B may be taken arbitrarily near to €(c)Q/(1—c~), this gives 

: — >, 2C(c)Q _, 

lim A,, < lim f(s,,) + oes 

00 1—c-! 

ux n x 
with a similar inequality (in the opposite sense) for lim A,. The 
second parts of (11) and (12) follow at once, since €(c) is bounded, 
and ci—c-}-+oo, when co. Finally, the first parts of (11) and 


* Landau’s extension to Dirichlet’s series of the famous theorem of Tauber 
on power series from which ‘Tauberian theorems’ derive their name. 





6 A. E. INGHAM 
(12) constitute an elementary Abelian theorem, known to be true 


independently of any special restriction on {A,}. 


3. The foregoing proof has its origin in the observation that the 
method of repeated differentiation introduced by Littlewood, and 
developed by Hardy and Littlewood, for the proof of Tauberian 
theorems associated with the series (1) loses none of its power if the 
repeated derivatives f‘”(s) occurring in it are replaced by repeated 
differences A“f(s) with Af(s) = f(s)—f(s+h) and h 5s. The ad- 
vantage of this change is that it renders unnecessary the theorems 
connecting the behaviour of f(s) with that of its derivatives, which 
seemed to form an essential part of the method (and are, of course, 
of the greatest interest and importance in themselves), but which 
made any application to the high-indices theorem particularly diffi- 
cult in the absence of explicit restrictions on the coefficients a,,. 

Now the F(s) of § 2, with the special P(s) chosen, is a repeated 
difference A”/(s) of the above type with 6 = (8—a)/Ra and Ras in 
place of s, so that the proof of the high-indices theorem given in § 2 
is, in essentials, the Hardy-Littlewood proof with derivatives replaced 
by differences. ‘The reduction to finite sums and to an elementary 
Tauberian theorem constitutes a further simplification of detail.* 

The change from derivatives to differences in the general theory 
amounts effectively to a change in the order of the limit operations 
from 6> 0, s +0, R>o, tos>+0,6->0, Ro; and the use of 
the function P(s) of § 2, with fixed « and f, effects a slight simplifica- 
tion of detail by combining the operations 6 — 0, R-—->® into one 
(since 6 = (8—a)/Ra>0as Rc). The high-indices case is, how- 
ever, abnormally simple from this point of view in that these two 
operations are omitted altogether. 

In the form which the method ultimately assumes (as exemplified 
in § 2) repeated differences as such play no essential part, and the 
choice of P(s) made in § 2, though convenient, is not the only possible 


one. The use of the linear operation (4) recalls the method introduced 


by Karamatat for the proof of ‘asymptotic’ Tauberian theorems with 


Suggested by the corresponding treatment of the analogous ‘analytic’ 
Tauberian theorem involving the condition /,,/1,_, c é 1 (where J, e’n) 
and a condition on the behaviour of f(s) for complex s. See A. E. Ingham, 
Math. Zeits. 41 (1936), 367-79 (Theorem 3). 

+ J. Karamata, Math. Zeits.32 (1930), 319-20; 33(1931), 294-9; J. fiir Math. 
164 (1931), 27-39. 
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the condition a, > 0, but the principles governing the choice of P(s) 
are different. Karamata uses the idea of approximating to an 
‘arbitrary’ function by a function of the special form (3) (a particular 
case of the fundamental idea of N. Wiener’s general theory based on 
the Fourier integral*). Here, however, as in Littlewood’s original 
version of his method, the aim is to secure a P(s) having a sharp 
‘peak’ at some point s = o > 0 and falling away rapidly towards 
the ends of the range (0,0). In a sense, of course, such a P(s) may 
be regarded as an approximation to a function which is 0 everywhere 


except at a single point s = o, but the conditions of the approxima- 


tion are in some respects more severe and in others less than in 
Karamata’s method, and on the balance the P(s) selected on the 
‘peak’ principle seems better adapted to the special requirements of 
the high-indices theorem. 


N. Wiener, The Fourier integral and certain of its applications (Cambridge, 





ON SOME INFINITE SERIES INVOLVING 
ARITHMETICAL FUNCTIONS 


By H. DAVENPORT (Cambridge) 


|Reeceived 13 July 1936] 


l ~~ sin 2mrt ; (t [¢] 5 if tz [¢], 
7 Low m | 0 if f [¢]. 


m=1 


Then we have the formal identity 


l .A., 
\ “sin 2n7, 
T sommef SL 


1 
where A > a,, 


" — 
d wv 


obtained by substituting for {n@} and collecting together terms for 
which mn has the same value. The justification of this process 
appears to present considerable difficulty, unless the arithmetical 
function a, is subjected to severe restrictions. In this paper I in- 
vestigate the following examples of (2):* 

Ss HAM) cng) idan Sui. 


— it 77 


1 


\/ l « sin 2n?70 
\ MM) cgi x sa ; 


i” 


—~ i 7 


— A(n) l slogn . 
» 1n} Y —2 sin 27. 
n 7 n 
1 1 


*E(N) 5 5 lw p(n) . 
b {nO} Ss! sin 2n7. (D) 
a | TT Lame i 
l l 
Of these, (D) is the only one which can be established by a straight 
forward justification of the formal argument (Theorem 1). 
As regards (A), (B), (C), the convergence of the series for rational 
@ is easily deduced from the theory of Dirichlet’s L-series, and the 
identities are then valid. For general values of 6 I prove (Theorems 


2 


2, 3) that the partial sums of the series on the left of (A), (B) are 


For the functions p(n), A(n), A(n) see Landau, Handbuch iiberx die Lehre 


von der Verteilung der Primzahlen. 
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uniformly bounded, and (Theorems 4, 5) that the series on the left 


of (A), (B), (C) converge for almost all @ to the sums stated. 


2. THeoREM 1. The series on the right of (D) converges for all 0, 
and the identity is valid. 


Proof. From the identity 


p(n) pa p(d) 


din 
we have 


“ll L*(n) “. sin 2n70 
S f sin 2n7 pp eerste S p(d) 
a a n = 


S pe(d Y sin 2md?70 
La, d® Ly m 
d<sN N/d? 


[t is well known that 


] * sin 2mrt als ] 
S {+0 min(1, 4 
of. m uit 


t| denotes the distance of ¢ from the nearest integer. Sub- 
stituting, and noting that in the summation over d we can omit any 
terms for which d?6 is an integer, we obtain 


where 


l ~~ p(n) = p(d), 


sin 2n7 S 
n 


ati) 
n=1 


d=1 


) (d20}-+-O 


Write 


Then the O-term is 


o("); oy} 
v N 


and, by choice of v as a suitable function of V, this tends to zero 
V 


as -co. This proves the Theorem. 


i 


In what follows, c,, ¢.,... denote positive absolute constants. 


LemMA 1. For all positive integers N, q we have 


N, 
S a(n), 


n=1 q 
q\n 
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Proof. If n = qn’, we have p(n) = pu(q)u(n’) provided (n’,g) = 1, 
and otherwise p(n) = 0. Hence it is sufficient to prove that 


AR 
b2 p(n) < ¢. 
n=1 n 


(n,@) 1 
Now it is easily seen that 
p(d) 
d\n 
(d,q)=1 
has the value 0 unless every prime factor of » is a factor of g, in 


which case it has the value 1. Hence 


> Y¥ n@l<z, 


n=1 din 
(d,q)=1 
a , 
: x 
1.e. = wd) | = @, 
d=1 d 
(d,q)=1 
zx 
u(d 
whence = pla) Cy, 
d=1 d 
(d,q)=1 
which proves the Lemma. 
N (n) 
| a Y ; <p 
Write Sy(8) = 5 {nO}. 
font, nv 
n 


LEMMA 2. For all N, 6,, 0. we have 
Sy(9:)—Sy(8g)| < ¢ N |0,—82|+¢. 
Proof: The function {t} defined by (1) is continuous and dif- 
ferentiable with differential coefficient 1 in any interval not con- 
taining an integer, and at any integer it has a discontinuity of 


amount —1. Hence S\(@) is continuous and differentiable with 


N 
differential coefficient > u(n) except at a Farey point h/qg of order JN, 
1 


where it has a discontinuity of amount 


N 
x, p(n) 
— 2 


n=1 
qin 


which, by Lemma 1, has absolute value less than c,/¢g. Hence 


Y y | = Yr ssl Ty l 
|Sy(4,)—Sy(8g)| < N|A,—@,|+¢, L2 (3) 
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where the summation on the right is over all Farey fractions of order 
N in (6,,6,). Let these be 

h, he h 


r 


hq % 
The length of the interval (h;/q;, hjs1/Qi41) 18 1/4;9;4.. Hence 
os 
< |0,—9@,|, 


— Gi Vi+1 


r 


and so . 


r—1 
7x COI 
Sie" S ant 
fa %s AqUuhu F 
< N0,—6,|+1. 
Substituting in (3) we obtain the result. 


THEOREM 2. For all N, 0 


Ss p(n) 
a = {n}}| << 


Proof. Let t 


x 
—= cos 2mnt 1 
{}, = —— = [ {u} du + — 
"Ont : m* 12 


0 


We have the identity 


9 


wd 1 
S H") np}, = — cos 2. 
a n 27° 
ae ] 
Hence, if 0,—6, = Vy’ we have 


N NV 
— u(n at, 
> 2 in8,},— 9 3 ind. hh] - 3 
1 
Qs | Ce 
i.e. Sy(0) d0) < V 
lf | a 
On the other hand, by Lemma 2, for 6, < @ < 44, 
| Sy(8)—Sy(O,)| < Cg. 


Hence 


0, 
1 5.0, = : { Sy (0,) dO 
6; 
0, 9, 
= | 8y(@) d0 + | (Sy(A,)—Sy(6)) 48, 
6, 


N 


4, 
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1 | Cs Ce C4 


and so Wy Sy(0,)| < cete = 3 


This establishes the theorem. 


THEOREM 3. For all N and 0 


N 
> A(m) 03] < Cy. 
n 


I 

The proof is the same as that of Theorem 2, anne, that the 

analogue of Lemma 1 is simplified by the fact that A(mn) = A(m)A(n) 
for all m, n. 


i 
HAM) gh 4 —sin 27. 
n 7 


N 
3. Let R,(6) = i Me 


1 


Lemma 3. As N>o 
: . log N 
| (By(@))? 40 = Oly } 
0 


Proof. It is well known* that, for any positive integers m, n, 


1 
. ] : 2 
| {mO}{nb} dO Ba. 


5 12 mn 
0 


It is also clear from (1) that 
: 
| {mO}sin 278 dé 
0 
Hence 


1 


[ (Ry(6))2 do = + >> pe(m)e(m)(m, n)® 


: 12 mn? 
0 maoN nN 


ee p(m)u(n)(m, n)? 
mn? 


is absolutely convergent, since 


Js >3 (m,n)? _ 
Z mn? 


— 
m n 


The double series 


* Landau, Vorlesungen iiber Zahlentheorie, 2, Satz 484. 
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To evaluate the sum of (4) we observe that 


2) 2) 


-=>. My pe(m a ny 


w(m)u(n)(m, 2)? 
Hence IN ‘ 
12 max(m,n)>N m*n 


-0(5 > Se) 


m>N n=1 


4gaxs 3) = (> Se) - PH) 


m>N d\m n’ 
THEOREM 4. The series on the left of (A) is convergent, and the 
identity valid, for almost all 6. 
Proof. It suffices to prove that R,:(6) > 0 as v > 00 for almost all 
6, since, if v®?» < n < (v+1)?, we have 
(v+1)* 
| R,,(0)—R,2(4) | < 
m=v? 
Let E, denote the set of points @ at which 
] 
\R,(8)| >, 
ogy 


logy 
By Lemma 3, mE, < Cg e : 
a 


Let E = iim > £,, 


nD Von 


then mE < lim 


But any point @ at which R,:(@) does not tend to zero belongs to an 
infinity of the sets Z, and therefore belongs to Z. This proves the 


Theorem. 

THEoREM 5. The series on the left of (B), (C) are convergent, and 
the identities valid, for almost all 0. 

The proof follows the same method. For (C), the error term in 


3AT 
Lemma 3 has the form of") instead of ("5") 











ON THE GROUP OF A CERTAIN LINKAGE 


By M. H. A. NEWMAN (Cambridge) and 
J. H. C. WHITEHEAD (Ozford) 


[Received 4 July 1936] 


1. In a recent paper Whitehead} described a semilinear, open 
3-dimensional manifold in which every 2-cycle bounds, whose funda- 
mental group is unity, but which is not a ‘formal 3-cell’, meaning 
that it is not in any (1,1) semilinear correspondence with euclidean 
3-space. Whitehead’s proof that the space is not a formal 3-cell 
reduces essentially to showing that none of a certain sequence of 
linkages in euclidean 3-space can be disentangled,{ and this was done 
by purely topological methods. Here it is shown that the group of 
Whitehead’s linkage is not a free group with two free generators, as 
it would be if the separation were possible. Moreover, we prove 


that the space is not even homeomorphic with euclidean space, an 


extension of Whitehead’s purely combinatorial result. The final sec- 
tion contains further theorems concerning the group of the linkage 
and another proof that the manifold is not a formal 3-cell. It is 
shown that the group of the residual space of a certain combinatorial 
circuit in the manifold is not generated by any finite sub-set of its 
elements, as it would be if it were a polygonal knot in euclidean 


space. 


2. In this section we calculate the group of the linkage|| in 
euclidean space which is represented by the diagram opposite. We 
shall call this group G,, and S will stand for the 3-sphere consisting 
of the euclidean space with an ideal point at infinity. Using a 
standard methodt+ of calculation, we find that G, is generated by 


+ Quart. J. of Math. (Oxford), 6 (1935), 268-79. See also Proc. National 
Acad. of Sci. 21 (1935), 364-6. 

t This had previously been proved by L. Antoine (J. de Math. 4 (1921), 
221-325, § 63) for the first of these linkages. 

§ Cf. E. Pannwitz, Math. Annalen, 108 (1933), 629-72, footnote 13. 

|| Except in § 4 all our definitions are to be interpreted in terms of semi- 
linear analysis situs. 

tt See, for example, K. Reidemeister, Knotentheorie (Berlin 1932), Chap. ITI, 
§ 3. Our convention is that an oriented circuit which links a segment marked 
€ corresponds to the element é+! or €-! according to whether it penetrates 
the paper from above on the right-hand side or left-hand side of the segment. 
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do, by, £, y, z, and w, subject to the relations 

1. (a) x = a91b, a, y = by 12b,, z = yb, y=; (b) y = aj tady. 

2. (a) w = a—lay2; (b) ay = yoy. 
Therefore G, is generated by ay and b,, subject to the relations (15) 
and (26), the elements x, y, z, and w being defined in terms of a, and 
b, by (1a) and (2a). From (2a) we see that the relation (26) may 
be written in the form a, = yx—a,xy-, or 


[4, bo] = 1, 


6 6 


where by = ay-! and [£, 7] = €n€-1y-1. This relation implies (15). 
For it follows from the third of the relations (1a) and the second, 
written in the form x = b,yb;", thatt b,z-1 = [b,,y] = ay = By. 
Therefore b51b, = z and 

= 65's 

= b51ap1b, a, 


<n ie 
= 091b5"b, do, 


since [a ,b)| = 1. Therefore y = aj za), which is (1). 
From 6b, = xy-1 and (1a) we have 
by = xby xb, 
= ap, a, bz tap bya, b, 


F(a, by), 


+ It is also obvious geometrically that ry~! = 6b, 2—. 
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where F(é,) = [€-1, n|[€, n |. Therefore G, can be represented 


in the form me 
generators: Ay, 0; ) 


relation: [a,b | = 1, J 


where b, = F(a, b,). 

Now let the circuits marked R and 7; in the diagram represent 
solid tubes R and 7;, and let /, and m, be oriented, non-bounding 
circuits ont BR, which bound 2-elements in R and in J, = S—R 
respectively, and which meet in the single point P,. Let /, and m, 
be oriented, non-bounding circuits on B7,, bounding 2-elements in 
S—T, and in 7; respectively, and meeting in the single point A, 
where FP, and P, are the points marked in the diagram. Let /, and 
m, be oriented so as to form right-handed screws with the arrows on 
the segments marked a, and b,, and let m, and 1, be oriented with 
these arrows. If the base point O, of the group G, is joined to PF, 
and P, by segments OP, and OP,, lying above the plane of the paper, 
the generators a, and 6b, are represented by the circuits O, Pyly Py O, 
and by O, P,m,P, O, respectively. The circuit O, Pym, P, O, corre- 
sponds to the element by, and the circuit O, P,1, P, 0, to an element 


which may be written in the form 
_ BP 7* he 
a, = bP at 0f, 
with suitable values of p and q, where 
at = a,b, a51y 
i ~1p—ly-1 
= yb, ap by apd, ay dy. 
Since 1, bounds a 2-element in S—T,, a, = 1 must follow if a is 
yut equal to 1. Therefore p+-<¢ —2. Since a¥ and b, generate the 
1 PTY 1 1 
abelian group of BT,, we have [a¥,b,| = 1. We may, therefore, take 
p = q = —1 and write a, in the form 
=n b= Ip-lq-1 
a, = bya, b, ap by 1a5'b, ay 
7 
= F(by,4). 
Also [a,,b,] = 1. Adjoining a, and 6, to the generators a», b,, and 
the relations 


by = F (ap, 5), a, = F(b,, ap), [a,,b,] =] 


t We use BK to stand for the boundary of a complex K. 
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to the relationt (2.1), we see that G, is also defined by the symmetric 


system generators: do, by, a,, by; 


relations: [a ,bo| = 1, [a,,6,] = 1, (2.2) 
by = F(a, b,), a, = F(b,, a). 

3. Let f be a (1,1) semilinear transformation of J, into 7, which, 
with due regard to sense, carries the oriented circuits 1, and m, into 
the oriented circuits /, and m, respectively. Let 7, 7;, 7),... be the 
sequence of tubes within 7 which are defined inductively by 

T,, sam f(T, -1) 
> : f?(T,,-») (p = 9,..., m), 
where the upper index is an exponent. Since 7;,,, = f"(7;), it follows 
that T,.,¢ 7; 


n? 


and our manifold{ is 
M = S—-T,, 


where 7), is the set of points common to 7), 7},.... 

Let 8s, be the segment FP, 0,+0, P, introduced in § 2, and O any 
point on the semi-infinite segment s = s)+/(s))+/f7(8)+..... Let 
a, be the oriented circuit OP, 1, P,,O and b,, the oriented circuit 
OP,,m,, P,,O, where§ l,, = f"(lo), m, = f"(mo), P, is the intersection 
of 1, and m,, and OP, is the segment on s with O and P, as its 


end-points. If m < n, let 
0, = 


m,n m 


—f,, 


+ When expressed in terms of a) and b,, [a , by] and [a,, b,] are of the form 
[b,,@]W and W[b,, ao]. 

t There is a superficial difference between the descriptions of M given by 
Whitehead in the two papers referred to above. Here we follow the lines 
indicated by the note in the Proc. Academy of Sciences. To reconcile the two 
one needs to exhibit the symmetry between the circuits marked R and 7, in 
the diagram, but the present discussion is self-contained and we shall not 
concern ourselves with this point. 

§ The tube 7, is unknotted and 1, and m, bound 2-elements in S—T), and 
in T,, respectively. For m, bounds a 2-element E in Ty. Therefore m, bounds 
f"(E), which is a 2-element in 7,,. The circuit 1, bounds a 2-element in S—T). 
Therefore 1,, together with a number of non-intersecting circuits Jj,..., [f', on 
BT), each of which is isotopic to ly on BT), bounds a perforated disk in T,—T7', 
(it is clear from the diagram that we may take m = 2). Thereforel,,,; = f"(l,), 
together with f”(I}),...,f"(l%"), bounds a perforated disk in 7',—T,,,,.. Assuming 
that l,, and hence f"(lg), bound 2-elements in S—T,, it follows that 1,,, 
bounds a 2-element in S—7\,,,, and the required result follows from induction 
on n. The fact that 7, is unknotted is not needed for our main theorem 
(Theorem 3), though it can be used to shorten an argument in § 4 and is used 
at the end of § 5. 

3695.8 C 
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and let G,, be the fundamental group of the region U),,. Using the 
same letter to stand for an element of G, as for a circuit which 
represents it, O lying between P, and P,,, we shall prove 
THEOREM 1. The group G,, is given by 
generators: Ap,...,An, Dg,...,6 
relations: [a,,b\]}=1 (A 
a; = F(b;,a;_,), 


(¢ =.]....,m) 


n> 


(3.1) 


We have already proved this theorem in case n = 1 and we shall 
complete the proof by induction on , assuming it for a given value: 
of n. The form of the system (3.1), with nm replaced by n+l, is 
obviously independent of the position of O on the segment Py P,.,, 
and we place O at P,. Since the transformation f" carries Uj , into 
U,. n+ and the circuits 1, and m, («a = 0,1) into lL, and m the 
group of U,, ,,,,, which we denote by G,,,,,;, is given by (2.2) with 
a, and b, replaced bya, ,, and b,,,,. The region Up 4118 Uj n+ Un naa: 


n+a? 


n,n n,n 


and BT, separates U,,, from U, ,,,,. Also the generators common to 
G,, and G@,, ,,,,, namely, a, and b,, generate the group of B7,,. There- 
fore the theorem follows from the hypothesis of the induction and 
a theorem proved by H. Seifert and W. Threlfall.+ 


THEOREM 2. For each value of X (0 < A < n) the sub-group (ay, by) 
of G,,, generated by ay and by, is a free abelian group,t freely generated 
by a, and by. 


First let 1. From the form of (2.2) it is clear that the trans- 
formation d,)—>b,, bj >a,, a,—> bo, b,—->a, determines an auto- 
morphism of G,. Therefore it is enough to show that 

ap bg = 1 
implies p = q = 0. Representing G, in the form (2.1), we see that 
this relation implies p = 0 at least. For the algebraic sum of the 
exponents of a, in the relation (2.1) is zero. Therefore the same is 
true of any relation which follows from (2.1), and the algebraic sum 
of the exponents in the element by is zero. 


+ Lehrbuch der Topologie (Leipzig 1934), § 52. 

{ For definitions of a free abelian group and of a free group see K. Reide- 
meister, Hinfiihrung in die kombinatorische Topologie (Brunswick, 1932), 
56 and 31-2. 
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In order to prove that b{ = 1 implies g = 0 we consider the 
relation b, a) = a5. (3.2) 
From it we have bya, = ap'b;}, and it follows that 

by = a51b, ay bya 1bT ay b, 
as ane, 
Therefore (3.2) implics the relation (2.1), and if b§ = 1 in consequence 
of (2.1), it follows that a>44 = 1 in consequence of (3.2). But the 
group generated by a, and 6b, subject to (3.2) is the group of a one- 
sided ring surface and its properties are familiar. In particular, 
a,*¢ = 1 implies q = 0, and the theorem follows in the case n = 1. 

Similarly, the sub-groups of G,,,,,, generated by a), and db) 
(A = n, n+1) are free abelian sub-groups, freely generated by a) 
and 6). Assuming the theorem to be true for a given value of n, 
it follows that G,,,, is the free productt 


Y gia Y Y 
G, +1 — G,, O a +1? 


and that (a),6,), which is freely generated by a) and b) in G,, is 
freely generated by a, and 6) in the product G,,,. Similarly, 
(4,,41,0n41) is freely generated by a,,, and b,,, in G@,,,, and the 
‘theorem follows from induction on n. 

Any abelian sub-group of a free group is cyclic.{ Therefore we 


have the corollary es 
: G,, 1s not a free group. 


n 
4. We shall now prove: 


THEOREM 3. The manifold M is not a 3-cell. 


Let us suppose the theorem to be false. Then there is a topological 
transformation g, of the 3-dimensional euclidean space X, into M. 
Let U,, U,, Uz be three (open) regions in X, bounded by concentric 
spheres of radii 7,, 72, 73, Where rz is so large that U, contains 
g-1(R) (R = S—T), rz > T2, and 7, is so small that there is an open 
3-simplex in M, rectilinear by the standards of S, which contains 


+ By the free product ©, O ©, we mean the group given by the form of 
definition used on p. 40 of Reidemeister, Linfiihrung in die k.T’. (loc. cit), with 
the understanding that the groups ©, and ©, may have common elements. 
We could also describe G,,,, as a free product ‘with united sub-groups’. 

t This can easily be proved from first principles and is also an obvious 
consequence of O. Schreier’s theorem that any sub-group of a free group is 
itself a free group (Hamburgische Abh. 5 (1927), 161-83). 
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the closure of g(U,) and is contained in g(U,). Let ¢ be a radial 
deformation of X which shrinks U, into U, and leaves each point of 
X—U;, fixed. Then % = gd¢g- is a topological transformation of M 
into itself which carries g(U,) into g(U,), leaving each point of 
g(X—U,) fixed. In particular % leaves T,, unaltered if n > N, say. 
Thus %; may be extended to the whole of S by taking ¥(P) to be P 
= Pc Z,- 

Let c and t, (n > N) be circuits in S, of which R and 7, are 
tubular neighbourhoods, c and ¢,, being polygonal by the standards 
of S and isotopic to m, and L,, respectively. The group of t, is given 
by (3.1) with a) = 1, and since F(1,é) = F(€,1) = 1 it is the free 
cyclic group generated} by b,,. Similarly, or since c is unknotted, the 
group of c is the free cyclic group generated by ay. Since the region 
S—t,—vz(c) is the J-image of S—t,—c, the group of the linkage 
t, +¢(c) is the same as the group of t,-+c, namely G,,. Similarly, 
the group of the individual circuit y(c) is the same as the group of c, 
and is therefore a free cyclic group. But %(c) and t, are separated 
by the boundary of a simplex. Thereforef{ the group of t,,+-(c), and 
hence G,,, is the free product of the group of ¢, and the group of 
w(c). Each of the latter being a free cyclic group, it follows that G., 
is itself a free group, contradicting the corollary to Theorem 2. 
Therefore M is not a 3-cell and Theorem 3 is established. 

5. THEOREM 4. G, = Gy ,O G,.0...0 Ga_in- 

This theorem follows at once from Theorem 2 and induction on n. 

THEOREM 5. If XAp(O<A, wp <n), the sub-groups (a,b) and 

a,,,6,) of G, have no common element other than 1. 

First let n = 1. Then we have to show that 


Pha - l jm 
ah bt = a, bt 


implies p= q =1=m-=0. From an argument used in proving 
Theorem 2 it follows that this relation implies p = m = 0 at least. 
It remains to show that bf = a! implies g = 1 = 0. 

Let us replace the relation (2.1) by the stronger relation (3.2). 


Then b) = aj* and 


a, = b5'a,b, a7*by a5, a, 
—— A 
+ This also follows from the fact that ¢, is unknotted (see the second foot- 


note in § 3). 
t Seifert and Threlfall, loc. cit. § 52. 
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If 6§ = a, in consequence of (2.1), it follows that aj“ = 1 in conse- 
quence of (3.2), and hence that gq = 0. When n = 1 the theorem 
now follows from considerations of symmetry, or from Theorem 2. 
When » > 1 the theorem follows from Theorem 4 and induction on n. 

If c means the same as in § 4, the residual space, in the combina- 
torial sense, of c in M is the region U,.,, = ™%—T,. Let G, be the 
fundamental group of U,... A given circuit in U,. is contained in 


Uy,, for some (finite) value of n. Therefore, a given element in G,, is 
contained in some G,,, and G,, is given by the infinite set of generators 
Ay, A, bo, 54,..., Subject to the relations (3.1), in which ¢ assumes 
all positive and A and o all non-negative values. Clearly Theorems 
2, 4, 5 remain true if n is replaced by 00. In particular, Theorem 4 
states that G., is the infinite product 
Go,1 O Gy 2 O.... 
THEOREM 6. G,, is not generated by any finite sub-set of its elements. 


This is an obvious consequence of Theorem 4, with n = oo, and 
the fact that G,,,,,,, contains elements outside its sub-group (4,,,5,,), 
which followst from Theorem 5, with n =1 and G, replaced by 


Ai 
7 i 
m,m+1* 


Theorem 6 provides another proof that VM is not a formal 3-cell. 
For, if M were in a (1,1) semilinear correspondence with euclidean 
space, c would correspond to a polygonal knot and G,, would have 
a finite basis. 

Writing a, = 1 in G,, we see that the group of M is unity. Also 
any finite 2-cycle in M is contained in S—T,, for some value of n and 
therefore bounds a finite region. In particular, any non-singular, 
polyhedral 2-sphere bounds a 3-element. Also any finite complex K 
can be deformed into a point in M. For it is contained in the solid 
tubet S—T,, if n is large enough and can therefore be deformed 
into a complex on a longitudinal circuit in S—T,,, this complex 
being degenerate if K contains 2-cells or 3-cells. The circuit, and 
therefore the complex K, can then be deformed into a point. 

+ More simply, if G, were the same as (do, by) it would be abelian and we 


should have by = 1, contradicting Theorem 2. 
t Here we use the fact that 7), is unknotted. 








THE ACCELERATION-FORMULA FOR A SUB- 
STRATUM AND THE PRINCIPLE OF INERTIA 
By E. A. MILNE (Ozford) 

[Received 18 September 1936] 

1. In recent papers I have constructed the dynamics of a particle, 
free or constrained by external force, in the presence of a substratum 
or smoothed-out universe.* One result of these investigations is the 


Y 


conclusion that the acceleration-functiont G(é) for a substratum is 


G(Eé) —l1. : (1) 


The dynamical and gravitational consequences of (1) are such as to 


given by 


leave little doubt of its truth, but it is desirable to put the establish- 
ment of (1) on a purely kinematic basis without appeal to empirical 
experience. From this point of view neither of the two methods so 


far given can be considered completely satisfactory. The object of the 


present paper is to attempt to establish (1) directly from the kine- 
matic properties of a substratum, by comparing the substratum with 
more complicated systems. t 

2. A substratum of fundamental particles in uniform relative 
motion has a distribution of particle-density n(P,¢) given by 

Bt dudydz 
c3(t2 —P2 c?)?° 
and a velocity-distribution V(P, ¢) given by 

V = Pie. 


Here P denotes the position-vector of any fundamental particle, a 


n dudydz 


member of the substratum, at epoch ¢, reckoned from any assigned 
member O of the substratum as origin; V denotes dP/dt; the constant 
B is arbitrary; and the epoch ¢ and distance |P| of an event (P, ¢) are 

* The kinematics of a substratum is given in Relativity, Gravitation, and 
World-Structure (1935), Chap. V. The dynamical results are given in Proc. 
Royal Soc. 154 A (1935), 22, and ibid. 156 A (1935), 62. These are referred to 
as W.S., paper I, and paper II, respectively. The earlier results here used 
were given originally in Zeits. fiir Astrophys. 6 (1933), 1. 

+ This function and its argument are defined below. 

t H. P. Robertson has expressed the view (Astrophys. J. 82 (1935), 301) 
that it is impossible to predict kinematically the motion of free particles in a 
substratum other than the given fundamental particles, i.e. that the kinematic 
determination of G(&) is not possible. 
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supposed assigned by the usual light-signalling conventions in terms 
of observations made by a clock at O graduated in such a way that 
the fundamental particles appear to move with constant velocities. 
‘elations (2) and (3) are invariant in form under transformation from 
O to any other fundamental particle O’. The motion and density-dis- 
tribution of a substratum are hydrodynamical in character, for there 
is a characteristic velocity at each point, and the distribution func- 
tions n and V satisfy identically the hydrodynamical equation of 
continuity ‘ 
. én 

ét 


+25-(nV) = @. (4) 


In the presence of the substratum (2), (3), the acceleration of a free 
test-particle passing through position P with velocity V at epoch ¢ 
has been shown to be of the form 


dV es ee 
ay = &(P.V.t) = (P—W) > 


G(é), 
where 
X=#—P%c2, Y=1—V%/c?, Z=t—P-Vi/c?, €=Z*/XY. (6) 
Here X, Z/VY, and accordingly €, are invariant scalars under trans- 
formation from O to any O’; and (5) is unaltered in form under similar 
transformations, as can be shown by putting it in the 4-vector form 
1 d/{V Z\ G(é) 
ae ches) we 
Flv) ( 4 X 
Since, according to (5), dV/dt vanishes for V = P/t, the fundamental 
particles may be considered free, and the substratum forms a natural 
system capable of continuing in the specified motion without external 
constraints; this is seen more simply from the circumstance that 
every fundamental particle is the centre of symmetry, to itself, of 
the rest of the system and can accordingly have no tendency to 
motion in any specific direction; in other words, each fundamental 
particle defines a state of local rest. The function G cannot also 
depend on the invariant X; for G is dimensionless, and so X could 
only occur in combination with a universal constant of the dimensions 
[time]?. The view we are exploring is that the substratum, which is 
fully described by (2) and (3), cannot contain any further universal 
constants in its description, so that neither can the acceleration of 
a free test-particle. This is a view to be tested by completing the 
kinematics by the determination of G(&) explicitly. 
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3. The first method used in previous papers for the determination 
of G(é) consisted in inferring that unless (1) is true, the system in the 
presence of which (5) determines dV/dt could not be of purely hydro- 
dynamical character but would be statistical in character. 

A universe or statistical distribution, of particle-density 


N(P, V, t) dxdydz dudvdw, (7) 


possessing the same property as a substratum of being described in 
the same way from every fundamental particle as origin, is neces- 
sarily of the form* 

N(P,V,t) = Se: (8) 
where y% is dimensionless but otherwise arbitrary. From its kine- 
matic properties, the acceleration of any member of the statistical 
system (7) is necessarily of the form (5), with of course some new 
function G(é) depending on (é). The functions N(P,V,¢) and 
¢(P,V,7), as in gas-theory, must be connected by the appropriate 
generalization of Boltzmann’s equation, which expresses simply the 
conservation of particle-number. Ignoring collisions, which for the 
present purposes do not come into consideration, it has been shown+ 
that Boltzmann’s equation takes the form 


at éP _. 


ON yy ON aN v( r ) = 2 (0) 


Insertion of (8) and (5) in (9) yields a relation in the single variable 
é, namely 
(€—1)G'(E)P(E)+[14+- @(E) L(E—D'(€) + 34(€)] = 0. (10) 
If G’(é) = 0, then 1+-G(€) = 0 and the acceleration function is as 
in (1). In general, (10) integrates in the form 
(€—1)?p(€)[ 1+ G(é)] = constant, 
which we can write as 


ii. +i © 


; 11 
(€—1)*h(€) 7 


where C is arbitrary. 

Relation (11) determines G(&) in terms of the function (€) speci- 
fying the statistical system under consideration and an arbitrary 
constant C. 


+ Ds Ds Ere t W.S., pp. 173, 180. 
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Conversely, we may suppose G(&) to be given, and then (11) deter- 
mines the associated #(£), provided the given G(£) satisfies G(é) # —1. 
It follows that, unless the particular G(é) which holds good for a sub- 
stratum is of the form (1), a statistical system y(£) would exist which 
gives the same acceleration for a free particle as the substratum alone. 
Consequently, if we could assume that a statistical system possesses 
an acceleration-function different from that for a substratum, we 
should have established (1) for a substratum. The investigations 
contained in paper IT make this assumption highly probable, for they 
showed that (11) can be interpreted as a dissection of the acceleration 
of a particle into two components, one associated with the substratum 
alone and one associated with the departures of the statistical system 
from the smoothed-out state represented by the substratum. I have, 
however, been unable to give a direct proof of the assumption. 


4. The second method consisted in establishing that (1) is the 
condition that a dynamics of constrained particles, of Newton- 
Einstein type, shall exist in the presence of a substratum. It was not 
assumed that the dynamics should reduce to Einstein’s dynamics; it 
was merely assumed that some form of dynamics shall be possible, 
and shall be representable by an algebraic identity. The satisfactori- 
ness of the resulting dynamics leaves little doubt that (1) must be 
true. Nevertheless, it is not obvious a priori that a dynamics of some 
kind must hold good, and it is desirable if possible to avoid any 
empirical appeal to this effect. 


5. Consider now a substratum of the type (2), (3) characterized by 
some particular value of B. Superpose on this a statistical system of 
the type (8), characterized by some definite function ¥(€). In this 
way a ‘mixed’ system is formed. This mixed system is described in 
the same way from every fundamental particle as origin, and accord- 
ingly the acceleration of any free test-particle in the presence of the 
mixed system is of the form (5), with some definite function G(E). 
Further, the arguments leading to (9) and (10) hold good unimpaired. 
It follows by (11) that the function G(é) for the mixed system de- 
pends not only on the specification (é) of the statistical component 
but on some constant C in addition. The occurrence of C is a new 
element in the situation, not included in the complete kinematic 
description of the mixed system in terms of B and #(€) as a result of 
counting and light-signalling observations. 
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6. It has been shown* that the constant C is a measure of the 
gravitational mass of the particles forming the statistical component. 
This suggests the procedure we now follow. It is clear that the 
particular case C = 0 should correspond to a statistical component 
of particles of zero mass, which one would expect could be ignored in 
determining G(£); accordingly, we should anticipate that the form of 
G(€) for a pure substratum could be obtained by putting C = 0 in 
(11), which gives (1). It is possible, however, to conduct the argument 
without appealing to the physical, gravitational meaning of C, as 
follows. 


7. For any given B and #(€) we have a variety of mixed systems 
with different properties according to the value of C. We shall 
denote a mixed system of given B, #%(€), and C as a (B,x#(€), C) 
system. Consider now the systems (5,7%(€),0). For these systems, 
by (11), G(é) —1, and so for these systems G(£) is independent of 
B and of #(€). Put %(é) = ef, (€), where ¥,(€) is prescribed and 
fixed; and, keeping B also fixed, let « + 0. Then the particles forming 
the statistical component of the mixed system become less and less 
numerous, and the statistical component ultimately disappears, 
leaving a pure substratum. During this process G(é) remains un- 
altered and identically equal to minus unity. Hence for a pure sub- 
stratum, whatever the value of B, G(é) is determined by (1). 


8. It follows that the acceleration of a free test-particle in the 
presence of any substratum is given by 
dV i 


——- a= —(P— Ve. 
dt ( IS 


1.€. .s (7) _ (P—v>] , . 

VY dt\vY Y/X 
9. Independence of B means that the acceleration of a free test- 
particle is independent of the density of the substratum. Any 
number of substrata of different B’s may be superposed; the accelera- 
tion is unaffected. The physical reason for this is clear: what we 
count as a single particle is arbitrary—we can amalgamate particles 
for counting purposes and still have the same substratum. Accord- 
ingly the value assigned to B is immaterial. In particular, we may let 
B-+>0. Thus even in a substratum of vanishingly-small density, 


* Paper IT, p. 76. 
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provided only that the fundamental particles remain identifiable so 
that a position-vector retains a meaning, the acceleration is of the 
form (12). Thus in what is effectively ‘empty space’, according to 
our kinematic arguments the acceleration of a free test-particle is of 
the non-Newtonian form (12). It has been shown* that (12) may be 
regarded as an expression of the gravitational field of the substratum, 
of potential c?é#, and that comparison with Poisson’s equation yields 
an evaluation of the ‘constant’ of gravitation in terms of the density 
of the substratum and the epoch ¢. It remains, however, to reconcile 
(12) with the Galileo-Newton principle of inertia, summed up in 
Newton’s first law of motion. 


10. The full discussion of this requires the consideration of motion 
under external force. Such a discussion has been communicated 
elsewhere. Nevertheless, it is convenient to consider here in more 
detail the simpler case of free motion. 

It will be sufficient for comparison with Newtonian mechanics if 
we neglect in (12) terms containing 1/c? as a factor. Equation (12) 


then becomes dV P_Vi 


—— =? (13) 
which is valid for |P| <ct and |V|<c. On the other hand, the 
principle of inertia gives for ‘empty space’ the equation 

dv _ 

_~ 
where 7 denotes Newtonian time and v denotes the rate of change of 
the Newtonian position-vector of the free particle with regard to 
Newtonian time. Equation (13) is an a priori equation, a consequence 
of the definition of a substratum; equation (14) is an empirical 
equation based on experience. If a substratum in any way affords a 


0, (14) 


representation of the smoothed-out universe of astronomy, it must 


be possible to reconcile (13) and (14). 


11. Newtonian mechanics has been often criticized as leaving 
undefined both the nature of ‘Newtonian time’ and the nature of a 
‘Galilean frame’. They are simply such a measure of time and 
such a frame of reference that (14) holds good. In our investigation 
the fundamental particle-observers carrying clocks provide both the 
measure of time and the frames of reference at the outset. A time 


* Paper I, p. 42. 
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and a position-vector are measured not by or from any particle, but 
from any one of a set of fundamental particles, exemplified in nature 
by the extra-galactic nebular nuclei. Our investigation pays, in fact, 
due regard to Mach’s principle, which, as Mach showed, is essentially 
necessary to complete the description of Newtonian mechanics. 
Mach carefully distinguished between the observations by which we 
empirically discover and verify the Newtonian laws of motion, and 
the natural philosophy which the existence or execution of these 
observations implies.* Mach’s principle is that the whole of the rest 
of the universe is involved in the description of the motion of any 
body, and his view was that it is the presence of external bodies 
which gives rise to the phenomenon of inertia. In deducing (13), or 
rather its relativistic forms (12) and (12’), we have duly taken into 
account the whole of the universe as represented in idealized form by 
a substratum. The fundamental particles of even a vanishingly- 
tenuous substratum provide just the character which impresses on 
‘empty space’ the property of possessing Galilean frames of refer- 
ence, tacitly supposed to exist in the Newtonian formulation. The 
outstanding question is thus the relation of the time ¢ employed in 
kinematics (e.g. as a variable in the Lorentz formulae) to the time 
7 of Newtonian dynamics. 


12. Since dP/dt = V, equation (13) may be written in the form 


d P 
ae.) ae 0 13’ 
alY ) oF 


d[,d/P 
.e. — — —_— = ° 1 F; 
i.e aia) | 0 (13") 


We require to find a transformation of ¢ which will reconcile this 

7 p a. 
with (14). Put7 dt 
t 


m4 (15) 


to 
where ¢, is the present value of ¢, and put further 
Cn 28 (16) 


0 


* E. Mach, Science of Mechanics (4th edition, 1901; English trans., edition 
1919). The analysis of the laws of motion is contained in Chapter IT. ‘Mach’s 
principle’ is essentially contained in his statements on pp. 233, 235, 255. 

+ These transformations were given at the Blackpool meeting of the British 
Association, Sept. 1936. See Journal, p. 8, for abstract. 
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ar 
’ an 
, dv - 
i.e. ao 0, (17°) 
where v = dII/dr. This is identical in form with (14). Hence we can 
identify 7 as the measure of Newtonian time, provided that we can 
identify II as the measure of the position-vector P when all observers’ 
clocks are regraduated from ¢ to 7 according to (15). 
The integral of (15) may be written 

+ = tylog(t/t))+t, (18) 
the constant of integration being adjusted to make 7 and ¢ agree at the 
present epoch ¢ = ty. Since in the present formulation the clock is the 
fundamental measuring-instrument, all physical quantities depend- 
ing on clock-readings have their measures altered when the clocks 
are regraduated from ¢ to r. It is necessary to inquire how the 
measure of the length of a position-vector is affected. 

Let a light-signal be dispatched from O at epoch t, by O’s clock, 
be reflected at the particle whose distance is required, and be received 
back by O at time ¢,. Then O assigns as the measure | of the distance 
of the particle the number 4c(¢,—t,), where c is arbitrary.* Moreover, 


Then (13”) becomes 0, (17) 


the epoch of reflection is assigned as }(¢,+-¢,), in O’s reckoning. Put 
t,—t, = At. Then 


L=4cAt, t= }(t.+4,). (19) 
When the clock is regraduated from ¢ to 7, the distance is assigned 
as A, where A = }c(7,.—7,) or say 
A = 3cAr, t = 3(7,+7,). (20) 
Hence A/l = Ar/At, 
or, for sufficiently small distances, by (15), 
Ajl = t/t. (21) 
But 7 = |P|, A= |II|. Comparison with (16) shows that II is the 
actual measure of the position-vector P when the clocks are re- 
graduated from ¢ to r. Thus if we now identify 7 as the measure of 
Newtonian time, the rationally derived equation (17) or (17’) becomes 
identical with the empirical equation (14). 
* ¢ is the measure of the speed of light, both on the t-scale and on the 
7-scale. 


+ The Newtonian velocity dII/dr is equal to V—P/t, the velocity of the 
particle relative to its immediate cosmical surroundings on the ¢-scale. 
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13. The above amounts to a rational derivation of the principle of 
inertia without empirical appeal. It shows, in accordance with 
Mach’s anticipations, that inertia is a phenomenon to be regarded as 
a consequence of the existence of the rest of the universe, and that 
the law of constancy of velocity of a free particle is one mode of 
describing what may alternatively be called the general gravitational 
field of the cosmos, as represented by a substratum. The role of 
observation is then to identify as Newtonian time not the inde- 
pendent variable ¢ in the kinematic equations but a linear function of 
the logarithm of t, given by (18). It will be noticed that (dr/dt),_,, = 1 
and that II,_, = P, so that the present rate of the Newtonian clock, 
and the present Newtonian measure of a position-vector, agree with 
their present measures on the kinematic scale. The further dynamical 
and cosmological consequences of the identification of Newtonian 
time I have developed elsewhere. 


14. The transformation of clocks given by (18), being a trans- 
formation of clocks at fundamental observers, is not affected by the 
circumstance that (13) and the equations derived from it are approxi- 
mations; (18) is exact. The corresponding exact transformations of 
¢ and / are readily found to be* 

t = t,e* lo cosh(A/cty), (22) 

Le = t,e*—- sinh(A/ct,). 
It follows that 
xi — (e— 2/c?)t en (t2—[?/c?)s ae ty e(t—to)Ito 

But X is an invariant, taking the same value for all fundamental 
observers, for any given event. It follows that 7 is also an invariant, 
provided all observers adopt the same value ¢, for transforming to 
Newtonian time. Thus Newtonian time 7 has the property assumed 
for it by Newton, of being a world-wide time the same for all funda- 
mental observers. An array of fundamental observers forming a 
substratum, and adopting the same value ¢, by agreement can act 


as though there were world-wide absolute simultaneity. In 7-time 


it is readily found that all fundamental observers regard them- 
selves as at relative rest, as shown by Leontovski and Nuut. The 


* Apart from the refinement of the occurrence of tj), these formulae have 
been also given by Leontovski, in a private letter to the author. Cf. also 
J. Nuut, ‘ Ansitze zu einer expansionistischen Kinematik’, Pub. Obs. 
Astronom. Tartu, 28, No. 4, 1935. 
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observed red-shift is then interpreted by these observers as due to 
the circumstance that atoms keep ¢-time, not 7-time. For, by (15), 
if the t-period of an atomic vibrator is constant, its 7-period given 
by dr = (t)/t)dt decreases as ¢ increases, so that a vibration emitted 
by a distant vibrator, by the time it reaches the observer, is com- 
pared by him with his own apparently more-quickly-vibrating atomic 
clock, and so the distant vibrator exhibits a red-shift owing to the 
delay caused by the time of travel. 

It is a consequence of (22) and (23) that the most convenient space 
in which to describe relativistic Newtonian mechanics is a static 
hyberbolic space. Kinematic relationships between this space and the 
static private spaces of the fundamental observers using t-time have 
been considered in detail by Nuutin the memoir cited. The dynamical 
relationships I shall investigate elsewhere. 


15. Summary. A kinematic proof is given that the acceleration- 
function for a free test-particle in the presence of a substratum is 
determined as G(é) = —1. The resulting equation of motion is 
reconciled with the Galileo-Newton principle of inertia by identifying 
Newtonian time as a linear function of the logarithm of kinematic 
time. It follows that the phenomenon of inertia owes its existence to 
the presence of the rest of the universe, in accordance with the views 
held by Mach. 











A NEW RESULT IN THE ADDITIVE 
PRIME-NUMBER THEORY 


By T. ESTERMANN (London) 
[Received 7 October 1936] 

1. Introduction. On the hypothesis that the upper bound of the 
real parts of the zeros of Dirichlet’s L-functions is less than ?, Hardy 
and Littlewood* proved that every sufficiently large odd number is a 
sum of three primes. 

In this paper I give a complete proof (independent of any unproved 
hypothesis) of the following theorem: 

Every sufficiently large odd number can be represented in the form 


PitP2t+PsPa 


where the p’s are primes. 
My main tools are the classical Hardy-Littlewood method, an 
elementary lemma due to Vinogradov, and a lemma of Walfisz, 


based on a theorem of Siegel. 


2. Notation. In what follows, A,, Ag,... are suitable (sufficiently 
large) positive absolute constants; 

n is a large positive integer; 

w is a large positive number; 

h, l, and m are integers; 

q; Y, 8, 8,, and 8, are positive integers; 

P; Pr» Po» Pz, and p, are primes; 

x, y, 0, and # are real numbers; 

a(x;q,h) means, as usual, the number of primes p such that 
p <x and p = h (modq); a(x) is the number of primes less than 
or equal to x; u = log*n, (1) 
é, = emit, 


f(x, w) — > e2rizxp 
paw 


[w] l 
g(x, w) ‘ios 2 e27ics | 
log s 
s=2 : 


* Acta Math. 44 (1923), 1-70. 
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3. Let a(n,r) denote the number of those sets of four primes 
Py; Po» P3, Py for which p,+p.+P3P4 = 7, Py SN, Po LN, Ps < U, 
and p, < n/u. Then it is sufficient to prove that a(n,n) ~ 0 if n is 


odd and large enough, and we have, by (3), 


3n 
> a(n, re?" — (0, n)f,(0), (5) 
r=1 , 

where fM=- > + e27iOpsps — > f(Op, n/u). (6) 
P,SU Pyn/u pau 


4. Putting for brevity 


f2(8) = f?(0, n)f,(9), 
we have, by (5), (ujn) +1 
a(n, 2) ( fo(O)e-27° dd. (8) 
u/n 
Divide the interval u/n < 6 < (u/n‘+1 into two parts M and £, 
putting @ in M or E according as there do or do not exist numbers h 


und g such that \6—h/q| < u/n, (9) 
| q<u, (10) 
and (h, 9) = 1. nis 


Then M is the sum of the intervals h/q—u/n < 0 < h/q+u/n corre- 


sponding to numbers h and q which satisfy (10), (11), and 
0<h<G, (12) 
(these intervals being mutually exclusive since n is large), and E£ 
consists of those numbers between u/n and 1—u/n which differ by 
more than u/n from all fractions with denominators less than or 


equal to wu. 
[t follows from these remarks and (8) that 


a(n, n) = [ f(O)e-27"9" dO + 
ul 


[ fo(O)e- 27ibn dé, 
E 
and [ fo(A)e27!" dd = > ¥’ J(h,q), 
iu quuh 
h qt+u/n 
where J(h,q) = fa(0)e-27" dd, 
h a- u/n 
and the accent stands for the two conditions (11) and (12). 
3695.8 D 
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5. Let @ bein E. Then 
|f,(@)| < A, nu-#. (16) 
Proof. It is known that, Ne a to any y not less than 1, there 
are numbers / and q satisfying (11) such that |@—h/q| < (qy)-! < q-?. 
In particular, there are numbers h/ and q satisfying (11) such that 
|@Q—h/q| < u(qn) < q-, (17) 
which implies (9). But since @ is in Z, (9), (10), (11) cannot all hold, 
and so (10) does not. Hence, by (17), 
U<qgn/u. 
From this and (6), (11), (17), and Vinogradov’s lemma* we obtain 
fi(O)\? < Ayn("}m(u) log g < FB 
u u u 
which proves (16). 
6. By (3), 
[| f?(0,n)|d0d < fy 2(0,n)|d0 = x(n) < A 
0 


E 


n 
‘log n 


Also, by (7) and § 5, 


| 
e-27i8n dé aa 








A,nu-* ( |f?(0, n)| dé. 
EB 


Hence, by (13), (14), (1), 
a(n,n)— > >’ J(h,q) 


qnu h 


< A;n*log-‘n. (18) 








7. Let (¢,m) = 1. Then,t for any positive e, 


a(s; q,m) m3 a < Agse-4e'*!s 4 Bgl-Boa-«, 
4(q) log r| 


where B is a positive number depending only on «. 
Taking « = 0-01, we can at once deduce the amagies:: 





Lemma. Let (¢,m) = 1, q < log® », ands < n. Then 


m(8; q,m) il, i < A,nlog-n. 
ok 


* Heilbronn, Acta Arithmetica 1 (1936), 218-19, Lemma 10. 
+ Walfisz, Math. Zeits. 40 (1936), 598, Hilfssatz 3. 
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8. Let q<log*n, |x| << nlog’@n, qmwcn, (19) 
and consider f(h/q+-2, w). 
By (3) and (2), 


h f ; 
i +2,u) — > fogtetep — > EhPe2mizp + y a= & (20) 
q paw pia 


m 





where d= > etrizp, (21) 


m 
psw 
p =m (modq) 


and the accent stands for the two conditions 0<m<q and 


(m, q) = 
(w] 
By (21 ), d., = {7(s; q; m)—7(s— |. q,m )e2rixs, 
s—2 ae i 
Hence, puttin a(8;q,m) = +A(s), (22) 
' . $(q) >, log r 


we have, by (4), 
[w]—1 
I 3 : ; 
dy, = g(x, w)+A([w])e27te] + A(s)(e?7**—e*##20+0), (23) 
og ile) p 


Now, by (22), (19), and the lemma of § 7, 
|A(s)| < A, nlog-n ((q,m) = 1;8 < w). 
Hence, by (23) and (19), 


~ 








d,— : g(x, w)| < Agnlog-**n ((g,m) = 1). (24) 
$(9) 
Putting >’ e = ¢,(l), (25) 
and observing that > eire?tizy| < 2logg, 








P\q 


we have, by (20), (24), (19), 








h c,(h) : 
-+2, w)— aq“ g(x, w)| < Agnlog-*2n. (26) 
i(¢ oq iit 
It is known* that c,(l) = > ru(2), (27) 
r\(q,l) 


9. Suppose that (10), (11), and 
|| < u/n (28) 
hold. Then, by (1) and § 8, especially (26) and (27), 
h #(q) 
7 +8,n) — I 9(9,n) 
K( $(9) 


* Landau, Vorlesungen iiber Zahlentheorie, 1 (1927), 188, Theorem 220. 


< A,nlog-*n, (29) 
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and, if p < u, 


| (hp | *) c, (hp) ( *) 
{| — +p, -}—-4 gi Pp, - 
Ip tes) — Say 9" 


(+9) F' A,nlog-**n, (30) 
where FP = 5 = caliph. =) (31) 
pau 
By (3) and (4), f(x, w) u (32) 
and \g(x,w)| < w, (33) 
| fh L-(q) | 
so that If{- +8, n} + g(h, n)| < 2n. 
iN $(q) "| 
From this and (29) it follows that 
p(- +8, n) Tg n)| < 2A,n*log-**n. (34) 
7 . 
Also, by (31), (25), (33), || < n, and hence, by (34), 
lat +, n) F— eo n) P| < 2A,nlog-*2n. (35) 


Finally, by (30), (7), (32), 
ft. +8) mat +%, | F| < Ayn®log-**n, 
| @ q | 

and hence, by (35), 


tel + 9) ED) gag, n)F| < 2A,n®log-*®n. (36) 
\7 $°(q) | 
10. From (4) we obtain by partial summation 
] l 
l +. Gants xX.w) - Atrix »2rrix([w)+1)_j_ 
dite gt, w) log 2° log| w \‘ 


| S l 1 e27irs 
4, \logs log(s—1) 


so that 


2 sin 7x g(a, w) : + . S : : : 
2sin wx g(x,w)| = at = _ s 
, log 2° log{w| ¢ pa log(s—1) logs log 2 
and hence 


g(x, w)| < (2|x|log 2)-? < |ja!- (0 < |a| < 3). (37) 


f=] 
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From this and (33) it follows that 
g(x, w)| < 2(w-*+ |ar|)~ 
Now, by (27) and (11), 


Hence, putting 


we have, by (31), 


and hence, by (33), 


» pa _ ng 
F— " , 
Hq) °) wh) od ~~ ud(q) 
Putting for brevity 
Jo(x) = g?(x, n)g,(x), 
we have, by (38), (40), (28), 
pq D9 9.n)PF—_ UO aay! — 404 
gy Or gq) | S ay 


and hence, he (36), 


4nd (nt |8|)-2, 
ud*(q) 


.[h, #(q) - i ie 
o(—-+o o(?)| < 2A, n®log—*en + 
\-$ dq) j ee 


11. By (15) and (2), 


ul n 


J(h,q) | fe +9), hing-27i8n ig. 


Hence, putting J, = [ Jo(P)e-27*9n dP, 
we have, by (42), (1), (10), 
(9) = a 8n2q 
P % nn 4A 2] 70, | 
ve q)— oe > < 4A,n*log n+ 35) 
< Aj) n*q~*log-*n, 
and hence, by (18) and (25), 


a 2 -4 
(n,n)—J, >= Be c,(n)| < A, n*log-*n. 


qau 
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12. By (39) and (33), |g,(x)| < , so that, by (41) and (38), 


Iga(x)| < 4n(n-2+4 |x|)? (|r| < 4). (45) 
Hence, by (43), |J,| < 8n?. (46) 
Put Z a = S(n). (47) 


Then, by (25) and (1), 


S(n)— > 5 $(q) ae g(?)} * <D a Br) \< A, log-®n. 





qau 
Hence, ie (44) and (46), 
la(n, n)—J, S(n)| < Ay, n*log-*n. (48) 


13. By (41), (4), (39), 


n 


l [n/u] l 
Jo(X) S — 

Los log 8, 

8,=2 a 8 


n l 
— 
e2mixs. hy e2zixps 
, log 85 > > log s 


Pau s=2 


3n 


Hence g(x) = > b(n, r)e?7*=", (49) 
r=1 
. % 1 ” 
where 6,7) = > ; (50) 
log s, log s, log s 


81,82, ),8 
the conditions of summation being 2 < 8s; <n, 2<8, <n, p< 
2<8s < n/u, and s,+s8,+ps = r, so that 

b(n,r) > log-*n > 1, 
81, 82,),8 
with the same conditions of summation, and hence, by (1), 


[4n/u] [4n]—2 


b(n,n) >log*n¥ YF FY 1 


pau 8=2 8&=2 
= log-8n m(u)([4n/u]—1)([4n]—3) > Ay’ n7log-*n log—og n. (51) 
Also, by (49), b(n, n) = [ g.(x)e-27" da, 
and hence, by (43) and (45), 
\b(n,n)—J,| < 8n*/u. (52) 


Now, by (47), |S(n)| < A,;. Hence it follows from (48), (52), and 


(1) that iui b(n, ei < A,,n*log-‘n. (53) 
It is known* that S(n) > Aj, if nis odd. Hence, by (53) and (51), 


a(n,n) ~ 0 if n is odd and Sind enough. This completes the proof. 


* Landau, loc. cit. 209, Theorem 246. 
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TRANSCENDANT 
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IN this note, adopting the notation used by Rogers,* I writet 


i 
L(x) = Zz 2” + }log x log(1—z) (O<2< 1); 
n ‘wal 
and I am concerned with relations which connect L(x?) with L(x) 
for each of three particular values of x which will be specified 
presently. 
Functions substantially equivalent to L(x) have been studied by 
numerous writers; an isolated result, equivalent to 
2 
L(x) + L(1—a) = L(1) = = (1) 
is due to Euler.t The earliest systematic study of such functions, 
however, was made by Spence,§ who commented caustically on the 
triviality of the advances made by Landen and Lorgna on the work 
of Euler. 
Subsequently Abel|| discovered a formula equivalent to 


2L(x) = L(et)+21/ 4 ) (2) 


1+2 





this formula, though not given explicitly by Spence, can be deduced 
immediately from formulae (D) and (G) on p. 13 of his Essay. 
 oAL(x)  logz , log(l1—z) 
ore 
da l—z a 





Since 
it is easy to verify (1) and (2) by differentiation. 


* L. J. Rogers, Proc. London Math. Soc. (2) 4 (1907), 169-89. 

+ As Rogers remarks, loc. cit. 175, when the plane of the complex variable 
rv is cut along the real axis from 1 to +00 and from 0 to —oo, L(x) is analytic 
and one-valued in the cut plane. 

t L. Euler, Comm. Acad. Sci. Imp. Petrop. 5 (1730-1) [1738], 91-105 (103-5). 

§ W. Spence, An Essay on the Theory of the Various Orders of Logarithmic 
Transcendants (London, 1809). 

(uvres completes de N. H. Abel, 2 (Christiania 1839), 249-52. It is to 
be inferred from Holmboe’s introduction that this paper, which was not 
published during Abel’s lifetime, was written after he had started on his 


travels in 1825. 
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So far as I can ascertain, it seems that Bertrand* was the first 
to notice that the results 


L V5—1 a ua L 3—~v5 = i (3) 
2 10 2 15 


are immediate consequences of (1) and (2). 

It may be remarked that the notation used by Rogers is superior 
to the notations of other writers in respect of the compactness which 
it gives to the formulae quoted above. 

A recent paper by Coxeter} deals with geometrical applications of 
functions connected with L(x), and with the work of Lobatschewskij 
and Schlafli; and I must express my indebtedness to my friend 
Dr. W. Maier of Freiburg i. B. for calling my attention to the com- 
prehensive prize essay by Mantel.{ 

From the formulae which have been quoted it is possible to derive 
numerous results concerning L(x) when 2 is either rational or a 
quadratic surd rational in the field of V5; for results of this character, 
Coxeter’s paper may be consulted. 

For some time I have suspected the existence of a property of 
L(x) which one can regard as being associated with the number 7 in 
much the same kind of way as one can regard the formulae (3) as 
being associated with the number 5; and my suspicion became cer- 
tainty when I examined the behaviour of Ramanujan’s mock theta- 
functions of the seventh order near the unit circle by approximating 
to the greatest terms of the series by which they are defined.§ 

The first result which I have discovered is that 
a 


L(«)— L(x?) 2’ (4) 


bo 


: ae 
where « denotes } sec 37. 
To establish this result, observe that 
at+ 2a2—a—l1 = 0, 
* J. Bertrand, Traité de calcul intégral (1870), 216-19. In anticipation of 
formulae (4), (5), and (6), it may be remarked that 
V5—1] 3— v5 
- 1 1 


sec 1 sec? Lz 
5 SEC $77, ¢ sec* $77. 


9 2 5 


bo 


+ H.S. M. Coxeter, Quart. J. of Math. (Oxford) 6 (1935), 13-29. It seems to 
me a little unfortunate that Rogers and Coxeter use the expression (2) in 
different senses. 

t W. Mantel, Nieww Archief voor Wiskunde (2) 3 (1897), 292-320. 

§ This is a problem which I have mentioned on a previous occasion, 


J. of London Math. Soc. 11 (1936), 80. 








ON SPENCE’S TRANSCENDANT 
and hence that 
. e a+1 1 Pa a? ~~ 
a+2’ (a+1)?  2a+1’ (a+ 1)? 
From these results, combined with repeated applications of (1) and 
(2), we have 


sL(a2) = 41°55) 


—a. 


9 


X- 4 


AL (1)—41/ 


- 41( )—|42/ 


- 6L(«)—3L(a2)—[ L(1)— L(a)] 
= 7L(«)—3L(a?)— L(1). 
We have thus proved that 
7L(«)—7L(a2) = L(1), 


and formula (4) is an immediate consequence of this result. 
In like manner, if 8 denotes } sec }z, so that 
p>—2p?—B+1 = 0 
_. a2 (1—B)2 1 
(1—p)? = 


B ° Be f+ 


. 1—B 
and B? 4 
2—B 


we have 


2 [—f 
8L “= 8L a 
8L(B*) = 8 ( = 


= 8L(1—fB)—4L((1—B)?) 


- sL(1—p)—4" >) 


1p 
= §2(1—8)—4L(1 4L 
$1(1—B)—41(1)+ ( , 


= s1(1—B)—4L(1)+4L0—p) +2105") 
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1 
= 2L — — L 4 2L 
12L(1—P)—41(1) +2157] 


= 12L(1—f)—2L(1)—2L B 
(1—p)—211)—21(4F 
10Z(1)—14L(B)+ L(?). 
We have thus proved that 


7L(B*)+14L(8) = 10L(1), 
and hence L(p?)+2L(g) = re (5) 





which is my second result. 


Finally, if y denotes 2 cos 37, so that 


y—y’?- 2y-4 1l=90 


1—2 2 ; 
and y _& Y 5 = : . (l—y)* =a « 4 P 
l—y 7 = ey yrl 
we have 
_9 
8 L(y") 81(' ") 
l—y 


sL(1)—81/ Y 
—y 


8L(1)—8L(y)- aL x 
8L(1—y)—41, ) 
o—Yy 


8L(1—y)—4L(1) paL(s—) 
2—y 


8L(1—y)—4L(1)-+4L(1—-y)—2L((1—y)?) 
12L(1—y)—4L (1) 21 Y 
r y+l1 
8L(1)—14L(y) | L(y"). 
We have thus proved that 
7 L(y?) +14L(y) = 8L(1), 
and hence L(y?)+2L(y) = or (6) 
which is my third result. Since —«, 8, and 1/y are all the roots of 
the equation 9095+) = 0, 


my three results form a complete system of their kind. 








A NOTE ON LERCH’S FUNCTIONS 
By G. N. WATSON (Birmingham) 
[Received 10 September 1936] 


For brevity write 
TI, (1-+2q"-4) = (1-+2)(1-+29)...(1-+ 29") 
= I, (2,9), 


II (1+29™-1) = IT..(z, 9), (\q| < 1) 


m=1 
and, as usual, interpret empty products to mean unity. 
With these abbreviations, Lerch’s functions ‘Y,(z,q) and ‘Y4(z,q), 
defined by the series* 


x 


y 1 gq?" 
saat ps (1—q?)(1—q")...(1—q@")’ 
q?min +1)+ by4n +2 


Yi (2, q) . (1—g?)(1—q*)...(1—qi"*?)’ 


n=0 
assume the forms 


: = g's " 
(2, ¢ Y(z, 
0(25 9) pa II,,,( —@, q?) 1 q) 


while Euler’s well-known expansions may be written 


-# gr +1)+hz4n+2 


| n=O Monsa(—q@?, 9g?) 


in(n—l)»n . an 
Ii (2, q) , a koe 2 3 @ ‘ 
Py Il ,,(—q, 9) IT .(—z, q) Ppon, 8 Il ,,.(—, 9) 
Also the functions G(q) and H(q) which occur in the Rogers-Rama- 
nujan identities} are expressible in the forms 


: a gq’ x qrint+) 
G = > H — > 
o 2 Il ,.(—4, 9) si - IT ,.(—4, 9) 


n=0 n=0 


these are special cases of Ramanujan’s{ more general function 


we 


; a ghz" 
G y a = —-——-———-. 
siti 2 I,.(—49) 


n=0 
* M. Lerch, Rozpravy Ceské Akademie Cisate Frantiska Josefa, 3 (1894), No. 5. 
+ This notation, which was standard in Ramanujan’s note-books (and 
which I have generally used in accounts of his work), is not used in his pub- 
lished papers, except in a short note, Proc. London Math. Soc. (2) 18 (1920), 
xx. These functions are expressed in terms of theta-functions by the identities. 
Proc. Cambridge Phil. Soc. 19 (1919), 214-16. 
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A few words on the origin of Lerch’s functions may not be out of 
place. Lerch constructed the function 


q's ™ 


(a. E:q. eee : ny 2nT] 2 q2 + : satin —, 
fle,£3q,9) = & gral, (aé*, 9°) >, Tha) 


and endeavoured to express it in terms of simpler functions; he suc- 
ceeded in his aim in the special case q = q, and he proved that* 
93(0, g)I1.,(qe-2@+), g?) f(ete+™, e@+P); g, q) 
= [y(0, q2)Yo(el-P), q) —94(0, g2)'F,(e¥@-P), q)]O2(2+ bat 3B, a) + 
+[3(0, g?)'¥o(et*-P), g) +-3,(0, g?)'¥ (e#@+P), g)]93(z+ 3a+48, 9). 


Thus the function on the left, which is a function of two variables, 
e=+®) and e’@+® (apart from the parameter q), is expressed in terms 
of theta-functions and functions of a single variable e!«-?) (apart 
from the parameter q), namely, ¥,(e!@-),q) and ¥,(e!@-P), qg). 

I have recently observed that some special cases of Lerch’s func- 
tions are expressible in terms of the Rogers-Ramanujan functions, 
and the paper just mentioned contains an extremely roundabout 
proof of the relations in question. The relations are 

y 2 92)\Q98 y — 2 gt 2 

H(1,¢) = .(¢*, ¢)G(q°), F(1,q) = ¢@I1..(q, q?)A(—@’), 

US (gh 2 92) 2 Ww (gi $ gt 8 

V(q?.q) = I.(¢*, ¢7)G(—¢?), Hi(¢g.¢g) = GN. gH (q). 

These formulae seem to be of sufficient intrinsic interest to merit 
the publication of an elementary and direct proof. It is possible to 
generalize the formulae slightly, but unfortunately the generalization 
is towards the general Ramanujan function G(z,q) and not towards 
the general case of Lerch’s functions. In fact, I have not succeeded 
in reducing ‘Y,(z,q) and ‘4(z,q) in any way, except by means of the 
recurrence formulae 

W (+ Ww ~ $42" by 

F(z, q)—Fo(qz, 7) = q'2"44(q'2, 9), 

W fl, W (ae $52" by 

F(z, 9—Hy(gz,. 9) = F24o(q'z. 9), 
which, in conjunction with my formulae, give rise to rather cumbrous 
expressions for ‘Y)(¢'", q) and ‘V(q!", g) in terms of Rogers-Ramanujan 
functions for any integral (positive or negative) values of n. 

* T have given a summary of Lerch’s investigations in another paper, Proc. 
London Math. Soc. (2) 42 (1937), 274-304. It should be remarked that I use 


Jacobi’s notation for theta-functions, while Lerch used the notation of Tan- 
nery and Molk. 
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My proof of the general formulae depends on evaluating the two 


expressions 


(—1)™ 
r I, (— f, q ‘)I1,,(—q"*, 7") 





m+n 


S (—q?)™ 
4 o)T1. (—a?. a 
in Steg nO PT (— 9 1) 
by means of Euler’s formulae; in these expressions, r is fixed while 
m and n range over positive integral values (including zero) whose 
sum is r. Evidently the first expression is equal to the coefficient 


of ” in the product 


—{)m 2 
> wer >, Il, oe 


and, by Euler’s formula, this product is equal to 
[11..(2, g*)}-* x [..(—2, 94) |? = [I1..(—2?, 9°) > 
Hence the first expression is equal to 
1 

I1,,(—q*, g°) 

or to zero, according as r is even or odd. 
In like manner the second expression is equal to the coefficient of 

¢’ in the product 


‘e ” all _ cn = 
> I1,,(—94, q*) x 2. I1,,(—q', @)’ 


and, by Euler’s formula, this product is equal to 
[11..(q°¢, g*)]-? x [IL..(—£, 4) ]-* = [Tl..(—2, —@?)] 
Hence the second expression is equal to 
] 
IT.(q?, —q*) 
We now consider the double series 
“- (— (—Pe"’e — 
—aq'*.q*)® 
r=0 m+n ,H, a =¢, FG), ( V0) 


On the one hand, by the result just proved, it is equal to 


A q?2 


= G(z?, q§). 
21-8)" 
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On the other hand, it may be written in the form 
wy g?*z". (— )mg2min- ‘Dg 2m(2 2n+1)ym 


n=0 m=0 I q, q ‘TL, (—9", qT *) 


-> = —< +22, q*) 
(—¢*,¢*) 


i *yn 


= Il,,(—q%z,q*) S : 
. , ts Il ,,(—q°z, q*)I1,,(—9*, g*) 


n 


We thus have the general result 


G22. 8 Il ,.(—q?z, q4 Ze ganz" ’ 
( q ) o( q | ) ‘ II,,(- q*z, q*)I1,,(—q*, ¢*) 


and, by taking z equal to 1, g*, —q? in turn,* we obtain the three 
special results 

G(q*) = Il.(—¢*, g*) (1, 9), 
A(q*) = qt.(—@, A) Hg 


G(—q*,¢*) = I.(q*, 7) S 4 (—¢,q") 


agentes 1) 


n=0 
We next consider the double series 


=. ( ">" + 2mzr 


r I1,,(—q", q*)Il,(—q, q’) 





r=0 m+n 


On the one hand, by summing the inner series, we find it equal to 


gre ot O—2. —¢? 
2 a = A-*—9". 


On the other hand, it may be written inthe form 
ih g?*z0/ —_ )mg2mm anette +2)9m 
4 
Il, (—q?, — gq) 


— g?n *2"T1,. (—4 " at 4y GF ) 
Tea 





n=0 m=0 





n=0 


q?*"z" 


—_ — 42.q 
.o(—9"z “> IL, (—qz, g*) IT, (—q4, g*) 





* The result of taking z = q* is a formula given by G. N. Watson, J. of 
London Math. Soc. 11 (1936), 59-60. 
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We thus have the general result 


2n*5n 
G(—z. —q?) = 4, q 
(—2z, —9") Nat—a6) > ae a 


and, by taking z equal to q?, q-*, —1 in turn, we obtain the three 
special results 





H(—q’*) = ql. 
G(—q-?,q?) = I..(— 


G(—q?) = 


By using the recurrence formula 


G(z, q)— G(zq, 9) —2qG(2q*, 9g) = 9, 
combined with the recurrence formula for Lerch’s functions, we may 


write the second of these results in the form 
G(—q*)+A(—¢@) = I.(—@, g*) [Hog YD +9 HL g)]; 


and, when we simplify this by means of the first of the results, we 


find that G(—q?) = T1.(—¢2, ¢*) (4. 9)- 

Since, as is well known, IT,,(—gq?, g*) x I1..(q¢?, g?) = 1, we have now 
established the four required formulae which express special cases 
of Lerch’s functions in terms of Rogers-Ramanujan functions. The 
other two formulae which have been obtained may be written in 
the simple forms 


=n +1) 
G(— >| 


oar )” $n? 
G(—q') = I1..(4¢. 9) oS 2s ome 








ON TARRY’S PROBLEM (III) 
By E. MAITLAND WRIGHT (Aberdeen) 


[Received 7 November 1936] 


THIs note is a continuation of my two former papers with the same 
title;* the notation is the same and theorems and lemmas are 
numbered consecutively to those of the two former papers. I 
improve Theorem 8 and prove 
THEOREM 10. If k > 12, then 

Tk2(k—11)(k+3) 

216 : 
From this and Lemma 9 we can at once deduce 


THEOREM 11. Jf k > 4, then 


M(k) < 


7k4 
216 

The improvement in the upper bound for M(k) is, substantially, 
that of a factor }. I am still unable to prove anything better than 
M(k) = O(k*). 

We write 


M(k) < 


Dy». k(rk+1 -< Dx 


- Ark(rk+1 )— art (2h \(r—1)(2r—1)+3(r—1)}. 
Lemma 12. If 8), 89,..., 8, are any positive integers, and if 
J Sj} 8,+8,.+...+8, +1, 
then {8, 89,---) Sn} +> {I1, 2,...5 J}. 
The proof is a simple extension of the argument in the note at the 
end of my first paper. Let 
nm > (j!)9", l<a,< <r<j). 
Then there are at least n/(j!)-1 sets a, a, such that no set is a 
permutation of any other. If 


* 


t 


|_ gh 
= Ay... Taj, 


then j < 1, < jn", and so the number of sets /, , J, ,..., 1, is at most 
m . - 
LT (jn"—j+1) < jmnmietorttn < jm < nihil) 


* Quart. J. of Math. (Oxford), 6 (1935), 261-7, and 7 (1936), 43-5 
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Hence at least one set /,, /,,..., ,, corresponds to at least two sets 
a; not permutations of each other. But, by an argument similar 
to that in the proof of Lemma 2, to every set 1,, /,,..., 1; corresponds 
at most one set a@,,..., a; apart from permutations. Hence 
{84, 00) Suh 4 {1, 2, ..., J}. 
Lemma 13. Ifr >1,¢>1, (r—lht<k < rt, en some 8, we 
have l<s<t, M(k+s—1)< D,,, 


Let us take j = min M(k+s—1)—1. 
1<s<t 


Then, with the notation of the earlier papers, by Lemmas 1, 3, and 4. 
{1, 2,...,k} > {k+1 
{1, 2,..., 2k} > errs 2k-+-2¢}, 


A, ..—8) k}- >{ (r—1)k+ 1,..., (r—1)k+(r—1)8, 
(1,28) > (Fb, rhe 


and so, by reasoning similar to that in the proof of Lemma 10, 


Combining these, we see that 
yk, k+t+1,..., 2k, 2+ 2t+1 
aaa TPE cai j- 


Hence, by Lemma 12, 
rk posed | 
J SD 8— D {(vk+1)4+ (vk+2)+...+(vk+vb}} 
s=1 v=1 


, Dye t- 


It follows that min M(k+s—1) < D,,,+1. 
1<s<t 


THEOREM 12. Jfr > 1,t > 1, and (r—1)t < k < rt, then 
M(k+t—1) < 2(D,,.~+1) max M(l). 
1<I<t 


This follows from Lemma 13 in precisely the same way as 
Theorem 9 followed from Lemma 11. 

We now put ¢ = 12. By Lemma 9 and Theorem 12, 

M(k+11) < 28(D,.32+1). 
We have k < 127 < k+11 = v (say). Hence 
Dy yg = Ark(rk+1)—r{2(k+6)(r—1)(2r—1)+3(r—1)} 
Ark(rk—8r?+- 12r—3)—3r(r—1)(8r—3). 
E 
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Since r > 1 and k > 1, we have 


3r(r—1)(8r—3) > 0, srk > 


and so 
Dy 1g +1 < $r72k(kK—8r+12) = }(v—11)r?2(v—8r+1). 
We now write 127 = dv. Since 0 < 6 < 1, we have in succession 
—(1—8)?(14+28) ; 
3%(3— 28) < 
§2(3v—24r) : 
8?(3v— 24r-+ 3) : 


r?(v—8r-+1) : 


Hence 
Nw) < 6-1 —er sy < ee 
216 


provided that v > 12. 








AN INTEGRAL REPRESENTATION FOR THE 
PRODUCT OF TWO WHITTAKER FUNCTIONS 


By W. N. BAILEY (Manchester) 
[Received 3 October 1936] 


1. Some formulae recently given by Meijer* express the product of 
two Whittaker functions as an integral, the integrand involving one 
or more products of three Bessel functions. One of these is 
42° ” 
I(+m—k)l(4—m—hk) 


x [ J_»;,(4v?) Ko, (zvet™) K,,, (zve-4* uv dv, (1.1) 


0 


Wye, m(27e*™*) Wy, m(22e-**) — 


where |arg z| < 4}, |R(m)|+ R(k) < } 

A number of special cases are considered which lead to integral 
representations for products of less general functions. Two typical 
formulae are 


= fv (}u*) Ky, (zu)Jo,(zu)u du, (1.2) 


where R(v) > —}, |argz| < }a; and 
| K,, .;(@)e-* cos(zt— 4mm) dt, (1.3) 


0 


93 


D, (ze*™*) D, (ze-*™"*) = l(—n)va 
where —1 < R(n) < 0, and D,(z) is the parabolic-cylinder function. 

[ have noticed that Meijer’s methods lead to simpler integral repre- 
sentations for the left-hand sides of the above formulae. Instead of 
(1.1) I obtain an integral in which the integrand contains only one 
Bessel function, and for (1.3) the corresponding integral is an integral 
of an elementary function. 


2. Meijer deduces (1.1) from his theorem? that 


ae f 
V,. kam 2), me Ce iz) = - Ya) D( P(a)P(B) , uatP— ‘h. _p(2u u) A 


1 * 9]. » 4u* 9 
4¥4|4-+m—k, 3—m—k, + 1—k; 1— 2k, «, B; —— du, (2.1) 


where z 4 0, |argz| < 7, a and f are arbitrary numbers such that 


* Meijer (4). + Meijer (5), (13). 
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R(«) > 0, R(B) > 0, and 7 satisfies the conditions 
< min($7, $7+-argz). 


= <, 
1—k, B= }3-—k, so that the ,F, reduces to an 


52 


max(—4a, —47-+argz) 

He takes « 

ordinary hypergeometric function. If, however, we take 
=3+m—k, B= }4—m-k, 


¥ p 
the ,F, again reduces to an ordinary ,/,, namely 
es "oS Jy 21 . 
> 
op. _ *¥*), 
> ? 


2A (4—%,1- ks] 


\ 


of (a,a—b+4; b+4; x?), 





and from the formula* 
oa 4x 
(1+ x)-*4,F, (a, b; 2b; - 
. (1+2)* 
it is evident that when a = b+} the ,/, on the right reduces to 
the elementary function (1—2z*)-". 
In (2.1) we write wu = szsinh?, where ¢ is real, so that 7 = argz 
and we obtain the formula 
oe 
Wy m (tz) Wi. m(— tz) = _— nn 
km Age ) (4-4 m k)D(4- m—k) 
x | coth** it K,,,,(z sinh t) dt, (2.2) 


0 
1 


1 


Jar, | R(m)|+ RK) - 
From considerations of uniform convergence it is evident that 
provided that the 


+37, 


where |arg z 


(2.2) remains true even when argz 
m+k) 


resulting integral is convergent. Sincet 
? D(s+m+k)r(h 
z) ee 
=T7Tt 
okriVy7 LAD —_e—kripy 70- i y ~ 
te“ k,m(2€ )W k,m(2) ea k,m(2€ ™YW_y. m(2)}, 


Wr m (2) We. m(2 


(2.3) 


(z sinh ¢)sin(m—k)z 


we deduce from (2.2) that 
Wye m(2) W. k, m(2) =F [ coth 2k stom 
0 
+ Y,,,(z sinh t)cos(m—k)z} dt, 


R(k) < $, and z is real. 


0, we get 


) leads to particular cases corresponding to 
+ Cf. Meijer (4), (24) 


where | R(m) 
>” 


3. The formula (2.2 
those given by Meijer. Thus, for 


* Gauss (3), formula (101). 
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H(2)H2(z) = 8008" | K,,(2z sinh) dt, (3.1) 
7T 
0 


J?(z)+Y2(z) = min | K,,(2z sinh t) dt. (3.2) 
0 


This formula has been given by Dixon and Ferrar.* 


Also I,(w)K,(w)cos vx = fe HY (wet!) H2)(we-tet) — 
i 


Tri 1 %, havi 2) *, i 
>. e ? ‘HT! (u € )H‘ (w eit )}. 
and SO, for re al values of U | 


ax a 


Do, 9 
L(w)K,(w) [ J,,(2w sinh t) dt = [ Joy(2v) de 
7 7 


V(w?+-v?)’ eae 


Again, 
D, (ze*™*) D, (ze-*™*) = 2" z—1W,,, +4,-3(427e!”) WM, +4,-3(42%e-#**), 


a 
n 
and so =- «CT? (ze#**) D, (ze-4**) = : oth t —detsinh 2 dy, (3.4) 
I'(—n) J} sinht 
0 
provided that jargz| < 37, R(n) < 0. 
Similarly, from (2.3) we obtain the formulae 


1 f tanhi"+tt 


vr J ~vsinht 
0 


cos $(z? sinh t—nz) dt, (3.5) 


where z is real and R(n) > —}4; and 


. n+h1y 
coth"+#ht . (3.6) 


D(z -sin }(z? sinh ¢+-nz) dt 


‘i : J ‘%sinht 


where z is real and R(n) < 
* Dixon and Ferrar (1), § 4.21, and (2), (8). + Watson (6), 435 (3). 
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HOMOGENEOUS LINEAR FORMS IN ALGEBRAIC 
FIELDS 
By L. J. MORDELL (Manchester) 
[Received 30 September 1936] 


Ir seems to have escaped notice that there is a simple application of 
Minkowski’s classic theorem on homogeneous linear forms to the case 
when the variables are not rational integers but are other types of 
integers, e.g. algebraic integers. It should be noted, however, that 
Minkowski* does consider the special cases, when the variables are 
algebraic integers in the fields of the fourth or sixth roots of unity. 
A recent paper by Hofreiter} gives what is really a result for imaginary 
quadratic fields. 

Let K be an algebraic field of degree n and let w,, wo,..., w, be any 
numbers of the field forming a basis of K. Denote by 


w, wi wy) (= 5. MH) 


the n sets conjugate to the set w,, wy,..., w, where w\ = a, etc, 
so that 


( 
wy wy” . A wi” 


Of course, if the w are a basis of the integers of K, Q?.= D where 
D is the discriminant of the field. 
Let 2 denote the set of numbers 


A = A,01,+4, 0+... +A, Wy; 


where the a,, etc. are any real numbers. Any number in K can, of 
course, be expressed in this form with rational a,, etc. Let Dt denote 


the subset of %, really the modul 
X= 1 Wy tq Wot... +Xy_ Wy; 
where the 2,, etc. are rational integers. We write 


* Diophantische Approximationen (Leipzig, 1907), 186-233. 
+ Monatsheft fiir Math. und Phys. 42 (1935), 412. 
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a”) = a, w+, w+ eee +4a,, wi”, 
and N(a) = a%a®),..a™, 

Let X,, Xq,..., X,,, where the X’s are elements of M, be m variables, 
and let L,, Lg,..., L,, be m linear homogeneous forms in X,, Xo,..., X,,. 
The indices uw, v will denote numbers of the set 1, 2,..., m and a summa- 
tion in u, v is extended over this set. Similarly, the indices r, s, ¢ will 
refer to the set 1, 2,..., m or to a corresponding summation. 


Put Dy = Oy, X +4, gXo+..-+4y m Xm 
ha = > i 
The a,, ,, ete. are members of , i.e. 
ayy = 2 Bu,vr Ors 


where the a are real numbers. Write 


U,v,T 


Gym 


As m 


An,1 Am,2 An,m 


Then since the w’s are a basis of K, the products of pairs of w’s can 


be written as 


W, W, = p 3 Cr stp 


where the c’s are rational numbers. Hence the L’s can be expressed 
in the form 
L,, — Ry, + By ga.+...+ Ryn Wn> 


where the R’s and L’s are real linear homogeneous and linear homo- 
geneous forms respectively in the mn variables z,, .. 

Two questions now arise, of which the first is whether integer values 
of the z’s, not all zero, exist such that the R’s do not exceed assigned 
bounds in accordance with Minkowski’s theorem on linear forms. 
The result takes a simple form since the determinant of the R’s with 
respect to the x’s, i.e. the Jacobian @R/éx, say, of R with respect to the 
x's, is given by aR 


ao N(A), 


Ox 
and so we suppose that V(A) 4 0. Hence, if A, are any mn positive 


numbers for which ll i > |N(A)| 


u,r 
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there exist m numbers in M, not all zero, such that the mn inequalities 

|R,, | = Race 
are all satisfied. Further all the ‘<’ signs except any one can be 
replaced by ‘<’ signs. For write 

Ly, — D Quy X ” eee z Ry ss, 

v s 
¢ ROP cams (r) 7(r) (r) 
and EO? = ¥ af) XY) = > B, ,wl”, 

v s 


for the conjugate equations. Then 

OL @éeLeR eéeLex 

6x =OR@x AX Ox’ 
the Jacobians referring to the mn variables L{, R, ,, X9%, x,,. It is 
easy to see, on splitting the determinants of the mnth order into 
the obvious diagonal factors, that 


wi) wh) 
W 


2 
(2) 
2 


oX 


Gm \ 


As, m 


- N(A). 


a a a 


m,1 m,2 + : m,m 


oR ob 
Hence — = — >; 
Ox 80x 


The other question which suggests itself is whether elements X of 


- N(A) and the result follows. 


M exist such that all the |Z“ | do not exceed assigned bounds. But 


now al 
—— yw N(A), 
Ox 
and the form of the result depends upon the number v of conjugate 
pairs of imaginaries among the roots of the equation defining the 
field K. We then have by Minkowski’s* theorem for the case of 
linear forms which include conjugate imaginary pairs of linear forms 
the following result: 


* Geometrie der Zahlen (Leipzig und Berlin, 1910), 113-14. 
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The inequalities [LY] < Ay,» 
where the X,,, are any real numbers such that r,,, = r,,, for conjugate 
imaginary forms L, L‘) and 


u? 
9 


vm 

TTA. > (-)" wiayiion, 
us 

have always a solution in which the X’s are elements of M, and are not 


all zero. Further all the ‘“<’ signs except at most two can be replaced 
by ‘<’ signs. 


In the case of the fields of the fourth and sixth roots of unity with 
m = 2, this proof is a trifle shorter than Minkowski’s. But in that 
case Minkowski has also proved* the much deeper result that the 
constant on the right-hand side of the last inequality can be con- 
siderably diminished. This obviously suggests the corresponding 


deeper question for any field K. 


* See the first reference. 











AN APPLICATION OF QUATERNIONS TO THE 
REPRESENTATION OF A BINARY QUADRATIC 
FORM AS A SUM OF FOUR LINEAR SQUARES 


By L. J. MORDELL (Manchester) 
[Received 30 September 1936] 
LET f(x,y) = ax*+ 2hay+by* 
be a definite quadratic form where a > 0, h, b are integers, and 
A = ab—h? > 0. 
I showed in 1930* that a representation 
4 9 > 
f(x,y) = > (u,x+v,y)*, (3) 
r=1 
where u,, v, are integers, existed if and only if A could be expressed 
as a sum of three squares, integer or rational, say, 
A = dj+4d3+4d3, (4) 


the condition for either being A ~ 4°(80+-7). In the summer of 1930 
when I had not yet discovered this theorem, I gave a lecture upon 
similar questions at the Mathematical Institute of the University of 
Frankfort-on-Main. Professor Emmy Noether, who was present, 
remarked upon the obvious connexion of the subject with quaternions, 
but no one seems to have followed this up. Chao Ko’s recent work 
on similar questions has brought the subject to my mind again, 
and I have now found a more intuitive proof of my result by quater- 
nions. 

A few elementary properties of quaternions are required. They are 
taken from Dickson’s Algebren und ihre Zahlentheorie, Kapitel IX. 
A quaternion X is a number of the form 


X = &+ix,+72,+ kas, (5) 
where the x’s are real numbers, and 
P= —l, k? = —1, 
kt = j, 


j= —k, kj = —i, ik = —j, 


* Quart. J. of Math. (Oxford), 1 (1930), 276-80. 
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The obvious definition of addition of two quaternions X, Y is adopted. 
Multiplication is given by 
iX = ity+ia,+ij2,+ tha, = —x,+ix,—jx,+kazq, ete. 
XY = 2x, Y+ix,Y+jx,¥+kzzY, etc. 
any multiplication by real numbers being scalar. Quaternions are a 
division algebra, i.e. XY = 0 implies either X = 0 or Y = 0. We 


write 


X = X)—ix,—ju,—ka, 


for the conjugate of X, whence XY = YX; and 
N(X) = XX = XX = af4+234+23+4+23. (6) 

. 2 ‘ 3 4 ys 
Also X?— 2x, X+N(X) = 0. 

The quaternion integers are those in which the coordinates Xp, 2,, 
Xj, Xz are integers, or are all halves of odd integers. The units, i.e. 
integral divisors of 1, are +1, +7, +j, +h, }(+11+i1+j+4), and 
are 24 in number. It is easy to prove that by proper choice of a unit 
e (in eight different ways), the product Xe will have integer co- 
ordinates if X is an integer quaternion. 

A deeper result is that every rational prime p can be expressed 
(in several ways) as the product of two non-unit conjugate quater- 
nions, 1.e. no a 

p= RR =RR=PP, 
say. Finally, if X is an integral quaternion and N(X) = 0 (mod p), 
then integral quaternions P, (uniquely determined except for a right- 
unit factor) and X, exist such that p= P,P,, X = P,X,. It may 
also be assumed that P, has integer coordinates. 

We come back now to (3). By (6) the right-hand side splits into 
factors FF, where 

F = uyxtvypy+i(u,r+v,y)+j(ugat+vyy)+k(ugx+vgy). (7) 
Hence f(x, —1) = 0, as an equation in quaternions in 2, has a root X 
which is a rational quaternion, i.e. the coordinates in (5) are rational 


numbers and aX?+-2hx+b = 0. 

— f(x,y) = (C,a+V,y)(U,2+Vey) 
= (4+ V, Uj y)U, 0,(x+Uz hy) 
= a(x+Py)(x+ Qy), 

say. Hence P+Q= 2hja, PQ=bd/a, 
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and f(P, —1) = aP?@—2hP+b 
= a[P?—P(P+Q)+PQ] = 0. 
Hence 
a(axg—axi—x3—2§)+ 2ax,(ix,+j2.+kas)+ 
+ 2h(xo+1x,+jx,+kaz)+b = 0. 
Then (ax%+h)x,=0, (aa+h)a,= 0, (ax +h)x, = 0, 


a(x2—axi—ax3—23)+ 2ha,+b = 0. 


We may exclude 2, = x, = x, = Osince 2, is real, and so ax,+h = 0, 


and (ax,)?+(aa,)?+ (ax)? = ab—h? = A. 


This proves the necessity of the condition. 

For the sufficiency, we use (4), where d,, d,, d. are integers, to 

. 1 2 3 S 
write 
af(x,y) = (ax+hy)?+ (d?+d3+d3)y* 
[ax+hy+ (id, +jd,+kds)y]|ax+hy—(id,+jd,+kd,)y]. 
We have to prove that this can be written as 
f(x,y) = (A, 24+Vy)(U,24+hy), (9) 

where U,, U, are conjugate quaternions with integer coordinates and 
similarly for V,, Vp. 

Let p be a prime factor of a, say a ya,. Then, since 

1 I ‘ pa, 

N(h+id,+jd,--kd,) = 0 (moda), 

we can determine the quaternions P,, P, with integer coordinates so 
that p = P, P, = PA, and 

h+d,+jd,+kd, = Q,P, h—id,—jd,—kd, = P, Qs, 
where Q,, Q, are conjugate integral quaternions. Then 

af(x,y) = (P, Pia, 7+, Pi y)(P Pa, 2+P, Q.y) 
= (Pia, x+Q, y)P, Py(P, a, 2+ Q2y) 

i.e. a,f(z,y) = (Pa,7+Q,y)(Pa, 27+ Qoy). 

Since V(Q,) = Q, Q@. = 0 (moda,), we can repeat the argument 
with all the factors of a and arrive at a result (9) where U,, U, have 
integer coordinates and V,, V, are integral quaternions. But, if b is 
even, which we may always suppose is so by changing x into x+y or 
y, the coordinates vp, etc. of V, are integers. For, if they are halves 
of odd integers, this would give 


b= VK = vi+vj+vi+v% = 1 (mod 2). 
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This completes the proof. It would be interesting to know if the use 


of more general hypercomplex numbers could prove that every 
positive definite quadratic form in n variables with integer coefficients 


can be expressed as a sum of squares of n+3 linear forms with 
integer coefficients. I proved this for n = 2,* and Chao Ko has 
just proved it for nm = 3,4,} in a paper to appear in this Journal. 


Ab 


See the first reference. 

+ [Note added Jan. 25, 1937.] And also n 5. I have also shown in a 
paper which, I hope, will appear in the Annals of Mathematics, that the result 
does not hold for n = 6. In fact, the form 


° 


6 6 \2 
> 22+ (¥2,) — 2x, %y—2%_ %, 
r=1 r=] 


cannot be decomposed into any sums of squares of linear forms with integer 
coefficients. 














NEW WARING THEOREMS FOR POLYGONAL 
NUMBERS 
By L. E. DICKSON (Chicago) 
[Received 29 October 1936] 

1. Caucuy was the first to publish a proof of Fermat’s assertion that 
every positive integer is a sum of m-+2 or fewer polygonal numbers 

p(m,x) = 4m(a?—x)+ax (x an integer > 0) (1) 
of order m+-2. Since p(m, 0) = 0, we may omit the phrase ‘or fewer’. 
The number m+2 of summands is reduced nearly a half in the 
following remarkable new theorems. 

THEOREM 1. Jf m > 1, every positive integer is a sum of g or fewer 
numbers 1+-p(m, x), where 

g = 4(m+5) of m is odd, g = 4(m+6) if m is even. 
When m = 6, we have the better result g = 5. 

THEOREM 2. Every integer exceeding unity is a sum of h or fewer 

numbers 2+-p(m, x), where 
h = 3(m-+-3) af m ts odd (m > 9); 
h = 3(m+-4) af m is even (m > 6). 

THEOREM 3. If m is odd (m > 9), every positive integer except 
2m+5, 5m-+-8, 5m+9, and (ifm = 9) 8m+10, isasumofh = 4(m+3) 
or fewer numbers 1+-p(m,x). If m is even (m > 8), every positive 
integer except 5m+-9 is a sum of h = 4(m-+-4) or fewer numbers 1+-p; 
there 1s no exception if* m = 6. 

The number of summands may be further reduced. For example, 
if m = 10 every integer exceeding 2, except 5, is a sum of six or 
fewer numbers 3+-p(m, 2). 

2. General theory. We seek 1, E, s, such that every integer A not 
less than / is a sum of s values of }mx?+-}na+-1 and # numbers 0, 1, 
or 2. Sums of EH numbers 0, 1, 2 evidently give all r = 0, 1,..., 
2H. Write a= >} 27, b=) 2;, summed for 1 = 1,...,8. Write 
p =r-+s, « = 2H+s. Then 

A = }ma+4nb-+p, 8mpce. (2) 

The discussion of the limits on / made in § 2 of the writer’s 


* If m = 4, all integers not exceeding 200 except 42 and 118 are sums of 
four. 
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paper* on polygonal numbers evidently holds here if we replace r 
by p and E by e. 

To obtain the case (1) of polygonal numbers, let » = 2—m. As 
above, let p take the consecutive values s, s+1,..., s+2H. Let b 
take any d = m—2E consecutive values. Then b-+-p takes 2E+d = m 
consecutive values. Hence one of its values is congruent to A, 
to modulus m. Thus A = }(a—b)m+b-+p determines an integer a 
for which a—b is even. 

For E = 3(m—d), m = 2—n, s = 6 (whence o = 3), the inequali- 
ties in Q § 2, are found to hold if 

A > m(d?—3d+ 2})+2d+ 24. (3) 
Hence every integer A satisfying (3) is a sum of H+s = 3(m—d)+6 
or fewer values of 1+-p(m, 2). 

3. Proof of Theorem 3. From }(m—d)+6 = h and the value of h, 
we get d = 8 or 9 according as m is even or odd. Then (3) holds 
if A > 43m+40 or A > 564m-+-42, respectively. 

The sums by 6 of 0 and the values of 1+-p(m,x) give 0-12, 
m-+3-13, 2m+6-14, 3m+4-15, 4m+7-16, 5m+10-17, 6m-+-5-18, 
7m+-8-18, 8m+11-19, 9m+9-19, 10m+6-20, 1l1m-+9-20, 
12m+-10-21, 13m+10-21, 14m+13-22, 15m+ 7-22, 16m-+-10-23, 
17m+-13-23, 18m+11-24, 19m+14-24, 20m+12-24, 21m+8-24, 
22m-+11-25, 23m+14-25, 24m+12-26, 25m-+ 13-26, 26m-+- 16-26, 
27m-+-13-27, 28m+9-27, 29m+12-27, 30m+14-28, 3lm+13-28, 
32m + 16-28, 33m+18-29, 34m+ 14-29, 35m-+17-29, 36m-+- 10-30, 
37m-+ 13-30, 38m+ 15-30, 39m+ 14-30, 40m+17-31, 41m+19-31, 
42m-+-15-31, 43m-+16-31, 44m+19-32, 45m-+11-32, 46m-- 14-32, 
47m -+17-32, 48m-+-15-33, 49m+18-33, 50m+21-33, 51m+ 16-33, 
52m-+-19-34, 53m+ 22-34, 54m+20-34, 55m-+-12-34, 56m-+- 15-35, 
57m-+ 18-35. 

In this table m+ 3-13 denotes the block of integers m+r (r = 3, 
4, ..., 13), and so on. 

Let F denote the first number of any block (with the same 
number of m’s) and ZL the last number of the preceding block. For 
example, F = 2m+6, L = m+13. After F = 8m-+-11, we see that 
F—L<m-—8. = 

First, let m be even, m >8. Then F—L < m—7 except for 


* Quart. J. of Math. (Oxford), 5 (1934), 283-90. Cited as Q. 
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F = 5m+10, whence F—1 < L+m-—8. But all integers not exceed- 
ing m—8 are sums of 4(m—8) values of 0, 1, 2, while Z is a sum of 
6 values of 0 and 1+ -p by the table. Unless F = 5m+10, F—1 is 
therefore a sum of 3(m+4) values of 0 and 1+p. The same is true 
for F—2, F—3 L-+1, and hence for all numbers missing from 
the table. 

For the exception F = 5m+10, we have F—2—L = m—8. 

For m = 6, Theorem 4 of Q, every integer exceeding 60, except 
only 93 and 188, is a sum of 5 values of p(6,x). Adding 5, we 
conclude that, except 98 and 193, all integers exceeding 65 are sums 
of 5 values of 1+. But 

193 = 29m+19 = 21m+8+6m+ 5+ 2(m-+3), 

98 l4m+14 = 10m+6+3m+4+m+3-+1, 
are sums of four values of 1+p(6,2). It is easily verified that every 
positive integer not exceeding 65 is a sum of 5 or fewer values of 
1+-p. 

Secondly, let m be odd (m > 9). Then F—L < m—8 except for 
F = 2m+6, 5m+10, 8m+11. Except for these, all integers not 
exceeding F—1 are sums of 6+ 43(m—9). When 

F = 2m-+6 or 8m-+11, F—2—L=m-—9. 


When F = 5m+10, F—3—L = m—9. Hence }(m+3) summands 
suffice except for 2m+5, 8m+10, 5m+9 or 8. But for m > 11, 
8m+10 = 7(m+3)+m—11 is a sum of 7+4(m—11) = 3(m+3) 
values. 

4. Proof of Theorem 1. We saw that F—L < m—6 for all F. If 
m is odd (m > 7), F—1 is therefore a sum of at most 6+4(m—7) 
numbers 1+-p(m,x). If m = 5, all positive integers except 6, 12, 13, 
24, 30, 31, 47 are sums of five numbers p(5,x) by Q, Theorem 3. 
Adding 5, we conclude that all integers except 1, 5, 11...., 62 ave 
sums of five numbers 1+ p. It is easily verified that all positive 
integers not exceeding 52 are sums of five or fewer values of 1+-p. 

Let m = 3. By Q, Theorem 2, all integers except 9, 21, 31, 43, 55, 
89 are sums of 4 numbers p(3,2). Add 4 and note that 1, ..., 4, 13, 
25 = 2342, 35 = 2342(6), 47 = 142(23), 59 = 23436, 93 are 
sums of at most three values of 1+-p(3, 2). 

If m is even (m > 6), Theorem | follows at once from Theorem 3. 


= 


If m = 4, apply Q, Theorem 2. Thus all integers except 11 and 26 
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are sums of five values of p(4,2). Adding 5, and noting that 1, ..., 5, 
16, and 31 = 29+2 are sums of at most three values of 1+, we 
conclude that all positive integers are sums of five. 

For m = 1 or 2, Theorem 1 follows from the fact that all integers 
are sums of 3 triangular numbers or of 4 squares. 


5. Proof of Theorem 2. If E ranges over the exceptions stated in 
Theorem 3, every integer not less than h, except H+-h, is a sum of 
h or fewer numbers 2+~p(m,x) as is shown by adding h to the 
equations equivalent to Theorem 3. But every integer not exceeding 
z, except 1, is a sum of {z/3} values of 0, 2, 3, where {x} denotes 
the least integer in x When HZ = 8m+10, m = 9, then h = 6, 
E+h = 6m+6+2(m+4)+A—4 is a sum of 3+{(h—4)/3)} = 4 
values. Similarly, for the remaining E+hA. 








ON THE SUMMATION FORMULAE OF VORONOI 
AND POISSON 


By A. L. DIXON and W. L. FERRAR 
[Received 28 December 1936] 


1. Introduction. THE statement of Voronoi’s formula is given in 
Theorem 2, below, while that of Poisson’s formula is given in 
Theorem 5. Each of these formulae, applied to a given function 
f(t), requires that f(t) be of bounded variation. 

The present paper proves that the formulae, with certain slight 
modifications, can also be applied to many functions f(t) which are 
not of bounded variation near ¢ = 0. 

The details are developed for one case only, namely that in which 
Voronoi’s formula is modified so as to apply to a function which has 
a logarithmic singularity at the origin. Other modifications, whether 
of this formula or of Poisson’s formula, are not discussed in any 
detail. 


2. Voronoi’s summation formula 
THEOREM 1. /f0 <a <b < wand f(t) is areal function of bounded 


variation in (a,b), then 
b 


b 


n n<b 
5 > f(n+0)d(n)+3 > f(n—0)d(n)— (log t+-2y) f(t) dt 


b 
Qa ¥ d(n) { Agf4ara/(nt)} f(t) dt, 
7a N 5. 


n=1 - 
a 


where y 1s Euler’s constant, d(n) is the number of divisors of n, and 
Ag(z) = —Yo(z)+(2/77) Ko (z). 


This result is due, essentially, to Voronoi. A proof of the theorem 


as it is here stated was given by Wilton.* He also discussed the 
formula when the range (a,b) is replaced by (0,00). His conditions 
(loc. cit. 29) are incorporated in the theorem which follows; as we 
shall not be concerned with possible discontinuities in f(t) at t = n, 
we shall, for convenience of writing, assume f(t) to be continuous at 


integer values of ¢. 


* J. R. Wilton, Quart. J. of Math. (Oxford) 3 (1932), 26-32. 
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THEOREM 2. If. for any finite ty, f(t) is a real function of bounded 
variation in the interval (0,t,) and is continuous at t = 1, 2,..., then 
M 


—14(+0)+ lim { ¥ fimyd(n)— f doge+2y fe) ae} 2.2) 


= 2 ¥ din) f Alda (nt)} f(t) at, (2.2) 
m=1 
provided that* ; 


(A) logx.V%o f(t) > 0 as x > 0, 
(B) (i) for some positive x, t8+* f(t) > 0 as t >, 
(ii) f(t) as the integral of f'(t) in t > to, 


(iii) for some positive x 


[ | f('t)| dt < oo. 
é, 


The symbol V%,f(¢) denotes the total variation of f(¢) in (0,2), the 
interval being open on the left. 


3. A modification of Voronoi’s formula 
Given a certain familiarity with divisor transformst and integrals 
involving the function A,(¢), it is apparent that the identityt 


fy+log «—(1+a)}+ 27T'(1+a) > A(n)Ag{4ry(nz)} 


xr 
ie 4 a 
= ——+— (xn—n)*-1d(n) (a > 2) 
4g 
n=1 
is virtually an example of Theorem 2, with 
P ¢ 7 lf 
S(t) 27T'(1+-a)A,{42,/(2xt)}. 
Save for the term f(+0), which is meaningless because of the 
logarithmic singularity of f(t) at ¢ = 0, all the pieces fit. 

This suggests that Theorem 2 can be modified so as to apply to 
functions with such a singularity. It seems to be impossible to 
improve the analysis of the lines of proof of Theorem 2 in such a way 
that a singularity at ¢ = 0 may be admitted. On the other hand, an 

In condition (B) (i) we have not followed Wilton, as his statement seems, 
to us, to contain a misprint. It should be noted that our condition is narrower. 

+t A. L. Dixon and W. L. Ferrar, Quart. J. of Math. (Oxford) 3 (1932), 
43-59. We shall refer to this paper as Q.J. 3. 

Ibid. 2 (1931), 31-54; (4.11). Values a < 2 are considered there, but they 
are not necessary to our present purpose. We shall refer to this paper as Q.J. 2. 
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indirect proof of the suggested result can be obtained by com- 
bining Theorem 2, as it stands, with the identity (3.1). The modified 
theorem and its proof are given in the following subsections. 


3.1. Lemma 1. Let f(t) satisfy the conditions of Theorem 2 except 
in so far as they apply to the neighbourhood of the origin, and let there 
be a constant b such that the function 


f(j)—blogt 
satisfies the conditions of Theorem 2 in so far as they do apply to the 
neighbourhood of the origin. Then, when x > 0 and « > 2, the function 
D(t) = f()+30bT(1+a)A,{4ary/(2t)} 
satisfies ALL the conditions of Theorem 2. 


The expansion* of }7A,{47,/(2t)} is 


(4r2xt)?™ 
(47? 2 = 
->K 2m+1)0(2m+ 1+) y lot xt) —yp(2m-+ 1)—(2m+-1+-a)}, 
(3.11) 


and is sufficient to prove the lemma in so far as it concerns the neigh- 
bourhood of the origin. 

It remains to show that, except in the neighbourhood of the 
origin, the function 

f(t) = $abT'(1+0)A,{47,/(xt)} 
satisfies the conditions of Theorem 2. To show this, let ¢, tf) be any 
positive numbers, « < f). Then, as is easily proved, ¢(¢) is continuous 
and of bounded variation in (e,¢)) and is the integral of ¢’(t) in 
t >t,. From known asymptotic expansions,+ we have, when ¢ > ty, 
p(t) = O(t-**-+*)+ O(t-*), f(t) = O(t-**-4)+ O(t-), (3.12) 

so that the conditions B(i) and B(iii) of Theorem 2 are satisfied. 
This completes the proof of the lemma. 


3.2. THzorEM 3. If f(t) satisfies the conditions of Theorem 2 
except in so far as they apply to the neighbourhood of the origin, and if, 
for a certain constant b, 


F(t) = f(t)—blogt 
satisfies the conditions of Theorem 2 in so far as they do apply to the 


* Q.J. 2; (2.41) and (2.42). 
T QJ. 2; (3.51), (3.52), and, for d’(t), the footnote of p. 44. 
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neighbourhood of the origin, then 


M M 
—EF(+0)+ lim {S finya(n)— [ doge+2y ft) a 
0 


= —$blog(2n) +2 ¥ din) [ Af4ryine)fie) at. 
= 0 
We apply Theorem 2 to the function 
D(t) = f(t) + dabT(1+a)A,{4ry(20)}, 

where x > Oand a > 2. Methods of evaluating the resulting integrals 
will be given in 3.3; here we shall merely quote the values as they 
are required. 

First we have, in virtue of (3.11), 

(+0) = F(+0)—2b log(2n)—b{log x-+-y—y(1+a)}. 


Further, in virtue of (3.12), 


> dnra(say/lon)} 
is convergent. 
Accordingly, when we write ®(¢) for f(#) in (2.1) of Theorem 2, we 


get 


—}F(+0)+ 36 log(27)+ 
+B[y+loge—y(1-+a)+2aT(1+a) ¥ dln)A,4ery(en)}] + 
, uM 7 a 

+ lim { ¥ finya(n)— [ doge+ 2st al +2]. (9.21) 
Next, we observe that 

© 0 (n > x), 

Ao{4zr4/(nt)}A,{42,/(at)} dt = (a—n)*-1 
J 4n2x*T"(x) oie 





Accordingly, when we write ®(¢) for f(t) in (2.2) of Theorem 2, we get 


an > dn) f Ao{4ara/(nt)} f(t) at +46[aa-* >, (en) d(n)]. 
n= 0 n= 
(3.22) 
By Lemma 1, ®(¢) satisfies the conditions of Theorem 2; hence 
(3.21) and (3.22) are equal. In virtue of the identity (3.1), the terms 


in square brackets in (3.21) equal the terms in square brackets in 
(3.22), and so Theorem 3 is established. 
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3.3. In writing down the last term of (3.21) we have used the 
fact that* 


x 


(log t+ 2y)A,{47,/(xt)} dt = —{87aT(«)}-}. 


0 
In writing down the terms in square brackets in (3.22) we have 


used the fact thaty 


[ Ao(a)A,(60)0 dd = (4b)-« [ Jy(ad)J,(b0)0"-# dd, 
0 0 
and quoted the values{ of the Weber-Schafheitlin integral. 
4. An application of Theorem 3 
In the usual Bessel-function notation, 


: =. (apt 
K,(2zpt) = > (7p 


m!m! 
m=0 


and so F(t) = K,(2z7pt)+logt 
tends to a finite limit as t > 0. 
The expansion of F(t) is of the form 


)2m 


{—log(zpt)+-(m+1)} (p > 0), 


+ 2) oo 
2m_} % 2m 
> a,"+logt > B,, 1”. 
m=0 m=1 


Further, F(t) is the indefinite integral of F’(t), which is of the form 


> a,,t™+tlogt > b,, 0". 
m=1 m=0 
Hence the total variation of F(t) in (0,x), when x 
given by§ ‘ 
F(t) = | |F'()| dt 


0 


= | O(tilogt}) dt 
d 
= O(x?\log x|), 


and so, lim log x. V% 9 F(t) = 0. 


x0 


Thus F(¢) satisfies the condition (A) of Theorem 2: it also satisfies the 


* Q.J. 2; (6.43). 

T QJ. 3; put n p = p = Oand vp = a in (2.26). 

{ G. N. Watson, Theory of Bessel Functions (Cambridge, 1922), 401. 

§ See, for example, E. C. Titchmarsh, Theory of Functions (Oxford, 1932), 
393, Ex. 2. 
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other conditions in so far as these refer to the neighbourhood of the 
origin. 

Further, K,(2zpt) is an indefinite integral of —2mpK,(2zpt) and it 
is easy to show that K,(27pt) satisfies the conditions of Theorem 2 in 
so far as they do not refer to the neighbourhood of the origin. 

Hence we may use Theorem 3 when 


f®) = K,(27pt), p>0, b=-—1, 
to obtain the result 


or M 
H{y+log(zp)}+- lim K,(2nzp)d(n)— | (log t+-2y)K,(27pt) a 
“1 


M-—o\n Ff 
= }log 241 2 an) {"™"), (4.2) 
p p 


n=1 


3ut the series > Ko(2nzp)d(n) 
n=1 
is convergent, and so we have, on evaluating the integral, 
H(y+log(ap)}+ X Ko(2nxp) d(n)—} log 2a 
n= 


ts 9 
= 5 fy—log(4np)} +> 5 KP") dn). (43) 
n=1 
This result was given by Koshliakov;* his statement that it could 
be obtained from Voronoi’s formula was the starting-point of the 
present investigation. 
A proof of Koshliakov’s identity by another method was published 
recently.t 


4.1. In the foregoing we have used the formulaet 


r 1 ./2 
(i) | Ag{4zr,/(nt)} Ko( 2mpt) dt — K(™™"), 


0 2ap 
(ii) | K,(ot)t#-) dt = 2#-%.-H{ P(A.) }2, 
0 


and the result of differentiating (ii) with regard to p. 


* Messenger of Math. 58 (1929), 30-2. 
+ W.L. Ferrar, J. of London Math. Soc. 11 (1936), 99-103. 
+ (i) A. L. Dixon and W. L. Ferrar, Quart. J. of Math. (Oxford) 6 (1935), 
161-74; 164 (1). 
(ii) G. N. Watson, loc. cit. 388 (8). 


+ 
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5. Other modifications of Voronoi’s formula 

In the previous sections we used an identity, namely, (3.1) which, 
apart from minor modifications, fitted into the forms required by 
Theorem 2. The existence of an identity having this property is not 
fortuitous. We can determine a particular function f(t), having any 
one of the simpler types of algebraic-logarithmic singularities at 
¢t = 0, and an identity, corresponding to (3.1), involving f(n). This 
identity, apart from minor modifications, fits into the forms (2.1) and 
2.2) of Theorem 2, and leads to a general theorem analogous to 
Theorem 3. 


5.1. For example, suppose we require an identity, similar to (3.1), 
but involving a function f(t) comparable with t-” (0 < v < 1) near 
$= 0. 

It has recently been shown* that Voronoi’s formula is true, some- 
times with modifications of form and sometimes without, whenever 


c+io 


fix) = #3 | x-*4(s)ds (c > 1) (5.11) 


and ¢(s) satisfies certain, fairly wide, conditions. 

If we take ¢(s) = I'(s—v), then, sincet (5.11) is evaluated from 
the poles lying to the left of the path of integration, the pole s = v 
gives to f(x) the desired type of singularity at x = 0. 

We leave aside the development of details and note only one 
identity, analogous to (3.1) and obtained by the methods just 
indicated, namely 
—1R+ ¥ d(n)(wn)-K,,(2nn) 


n=1 


= 3) 
2) 


= 27> an)| f (278) -*” Ky, (2778) Ag{427,/(n8)} dd — 


n=1 


{l(4—4y) 
re 





0 


where RF is the sum of the residues at s = 0, v, 1 of 
a~*I"(4s)'(4s— 3r){Z(s)}?> (O< v < 1). 


If we use this identity in place of (3.1) in the work of § 3, we arrive 
at the form of Theorem 3 appropriate to functions f(t) which are 
comparable with ¢-” near ¢t = 0. 

* W. L. Ferrar, Compositio Math. (1937); to appear. 


t Cf. A. L. Dixon and W. L. Ferrar, Quart. J. of Math. (Oxford) 7 (1936), 
81-96, where such integrals are examined in detail. 
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6. Poisson’s summation formula 
6.1. We first state a form of Poisson’s result which is analogous to 
Theorem 1. 
TueroreM 4. [f0 <a <b < wand f(t) is areal function of bounded 
variation in (a,b), then 


5S fin+0)+4 > f(n—0) = f 10 dt +2 bs | coe 2emt a 
(6.11) 
The theorem which corresponds to Theorem 2 is then* 
TueorEeM 5. If, for any finite ty, f(t) is a real function of bounded 
variation in the interval (0, t,), then 


™ M 
$f(+0)+ lim > HOO") [pe al 


Mo 





f(t)cos 2nnt dt, (6.12) 


provided that 

(i) f(t) > 0 as t>+o, 

(ii) f(t) ts the integral of f'(t) in t > to, 

(iii) |f’(t)| is integrable over (ty, 0). 

The proof, assuming Theorem 4, is as follows. By condition (ii), 
if M, > M >t, then 


wn Mh 


2> | f(t)cos 2nzt dt 


a 
— f(M,) + one sin 2n7M, _f(M) > sin 2n7M 


n=1 


N 
M, 


N di 
2 faster dt. (6.13) 
~ ae 


. bec 2 
But the series pa a sin 2n7x 


is boundedly convergent. Hence, when conditions (i) and (iii) are 


* It is remarkable that Theorem 2 can be quoted from published work, 
while Theorem 5 cannot. The latter is, of course, only a modification of 
results which are well known; cf., for example, J. R. Wilton, J. of London 
Math. Soc. 5 (1930), 276-9. 
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satisfied, (6.13) tends to zero, uniformly with regard to N, as M 
tends to infinity. Accordingly, Theorem 5 follows from Theorem 4. 
6.2. The analogue of Theorem 3 is 
THeorEM 6. Jf f(t) is a function which satisfies the conditions of 
Theorem 5 except in so far as they concern the neighbourhood of the 
origin, and if, for a certain constant b, 
t) = f(t)—blogt 


is of bounded variation in the eins of t = 0, then 


F(+0)+ lim [> fete +io-%) - {roa Hal 


M-« 


x 


ea ihy—log2)+2 > | f onal (6.21) 


n=1 0 


By the methods* indicated in 5.1 we obtain the identity 
~ < 1 1 
- K,(2nz) = 3(y—log 2)+ b 3 =y- x}: 
2 > 9 2 9. 
ps m=1 V so +H) - 


Theorem 6 follows by working along the lines of § 3 and using 
(6.22) instead of (3.1). 

6.3. It may be pointed out that the term (b/4n) in (6.21) is an ‘aid’ 
to the convergence of the series. As a little calculation will show, 


(6.22) 


1 

, 1 
| log t cos 2nt dt = -7+ ols) 
and, for large n, the term (b/4n) will nullify the ‘divergent’ effect 
of the logarithmic singularity of f(t) at t = 0. 


* Cf. W. L. Ferrar, Compositio Math. (1937), where details and references 
are given. The formula (6.22) has also been proved by G. N. Watson, Quart. J. 
of Math. (Oxford) 2 (1931), 301 (6). 














ELECTRICAL NOTES 
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X. MULTIPLE ORBITS IN THE MAGNETRON 


[Received 6 January 1937] 

8. Summary 

Tus note is a continuation of Note 1X.* It was shown there that 
electrons are only caught on the filament when the filament is thick 
and the oscillating potential a fraction of a volt. I now suppose that 
the filament is thin and the oscillating potential of the order of 5 
volts, so that most of the returning electrons miss the filament. The 
precession of the orbit being still quite considerable when b/a = 500, 
[ have improved the theory of the last note by allowing for it 
approximately. A certain transcendental function (§ 9) serves to 
calculate both the large deflexion of electrons near the filament and 
the precession accumulated mainly while they are at a great distance 
from it (§ 10). Since precession complicates the integrals of § 2, the 
field due to small potentials +-}A cosvt added to the sectors of the 
anode is treated as if it was uniform, giving formulae independent 
of the form of the undisturbed orbit. I had already used this simpli- 
fication to check the calculations of § 4 and found it fairly near to 
the truth. These methods yield quite rapidly the relative inclination 
of the successive orbits and the number described before an electron 
is caught on the anode or filament (§ 11). 


9. Magnetron integrals and magnetron functions 


¢ 
5 isa dd 
a ae | (1+k-cosec? ¢ logsec ¢)*’ (20) 
0 
where k > 0 or < —}, and let M be the integral over the greatest 
range in which the integrand is real, that is with upper limit $7 
when k > 0 and that root of the equation cosec?¢logsec¢d = —k 
which lies between 0 and 37 when k < —}. 
The table gives the values of M when k > 0: JU is an angle in the 


applications, and expressed most conveniently in degrees. 


* F. B. Pidduck, Quart. J. of Math. (Oxford) 7 (1936), 241-51. 








F. B. PIDDUCK 








M 

| 77° 32° 
78° 20’ 
79° 
79° 36’ 
80° 10’ | 
80° 38° | 
81° 24’ | 
82° 11’ | 


k 





-] | & 
or 


mS 


9° 





9’ 
aa) 54’ 
2° 46’ 
° 16’ 
os 
| 66° 2-5 | 36’ 


= 
1 cht 
or 


or 


0-25 
03 
0-35 
0-4 


~ 


Ses” : ( 
— bo — bo Ot 
> S&S bd Oo 


or 


- 
oO PR & OO O & tO 


me 








Expanding the integrand by Taylor’s theorem with remainder, we 
see that there is an asymptotic expansion when k is large. The terms 
0-500  0:596 1-300 
SS io Soe 90° 

Sem.,cam_ seen 
give M fairly accurately when k > 5. 
If 6 = M(k,¢),¢ is a function of @ analogous to the amplitude 
of the elliptic functions, and we write 
cm@,smé,dmé@ for cos¢, sing, (1+k-'cosec? ¢ logsec d)* 
respectively. Then, as in the theory of elliptic functions, 
em’ @ = —sm6dm#. 


The table on p. 77 gives cm @ and cm’ 6 when k = —log 500 = —6-21. 


10. Motion at small and large distances from the filament 
Let both sectors of the anode be at potential Y, and let electrons 
approach or leave the filament in such a way that their moment of 
velocity would be / and their kinetic energy eB when r = a, V, being 
such that they would turn at r = 6 when h = B= 0. Then* if b/a 
is large, 8eV, = mw*b? and 
r°@ = h+14w(r?—a?), (21) 
dr? . . §2 w*b* log(r/a) | wb? B 
—_— eS - > . 22 
(i) gy | flog(bja) * 4% ie 
In the part of the orbit near the filament, 72 is approximately 
equal to h. It is convenient to write 
c¢ = 2h/wb. (23) 


* A. W. Hull, Phys. Rev. 18 (1921), 31. 
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S 


em6@ em’6 | 6 | cm@ em’@ 

1 0 || 34° | 0-843 | —0-511 | 
1 —0-016 || 35° | 0-834 | —0-524 
0-999 | —0-032 | 36° | 0-825 | —0-537 
0-999 | —0-048 || 37° | 0-815 | —0-550 | 
0-998 | —0-064 | 38° | 0-806 | —0-562 
0-996 | —0-080 | 39° | 0-796 | —0-574 
0-995 | —0-096 | 40° | 0-785 | —0-586 
0-993 | —0-117|| 41° | 0-775 | —0-598 
0-991 | —0-128 | 42° | 0-765 | —0-610 
0-989 | —0-144 | 43° | 0-754 | —0-622 
0-986 | —0-160 || 44° | 0-743 | —0-630 | 
0-983 | —0-175 || 45° | 0-732 | —0-642 
0-980 | —0-191 | 46° | 0-721 | —0-654 | 
0-976 | —0-207 | 47° | 0-709 | —0-665 
0-973 | —0-223 | 48° | 0-697 | —0-676 
0-969 | —0-238 | 49° | 0-685 | —0-685 | 
0-964 | 0-253 50° | 0-673 | —0-694 
0-960 | —0-268 | 51° | 0-661 | —0-704 
0-955 | —0-284 | 52° | 0-649 | —0-713 
0-950 | —0-299 | 53° | 0-636 | —0-722 
0-945 | —0-314 || 54° | 0-624 | —0-731 | 
0-939 | —0-329 || 55° | 0-611 | —0-740 | 
0-933 | —0-344 || 56° | 0-598 | —0-748 
0-927 | —0-359 | 57° | 0-585 | —0-756 
0-921 | —0-373 | 58° | 0-571 | —0-764 
0-914 | —0-387 | 59° | 0-558 | —0-771 | 
0-907 | —0-402 | 60° | 0-544 | —0-778 
0-900 | —0-416 || 61° | 0-531 | —0-785 
0-893 | —0-430 | 62° | 0-517 | —0-792 | 
0-885 | —0-444 | 63° | 0-503 | —0-798 | 
0-877 | —0-458 || 64° | 0-489 | —0-803 
0-869 | —0-472 | 65° | 0-475 | —0-808 | 
0-861 | —0-485 || 66° | 0-461 | —0-813 
0-852 | —0-498 | 67° | 0-447 | oste | 
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Putting r = asec¢ and choosing « so that 
ce =log(a/a) , B 
a? log(b/a) ' h’ 
(=) _ 14 Set 
dé c? log(b/a) ; 
Thus if the least value of r corresponds to 0 = 0,, 0—0, = M(k, ¢) 


where aa c? log(b/a) 
~ a 


k (25) 


a 
The deflexion of the electron by the strong field near the filament is 
+(180°—2M), (26) 
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where the upper sign is taken when h/ is negative and the lower sign 
when h is positive. 
When r/a is large and h = B = 0, 6 is approximately equal to 3w. 
Writing r = bcos¢, the equation is again of magnetron form, with 
k = —log(b/a). (27) 
If the electron grazes the anode at polar angle @, at time #,, 
d—6, }(wt—wt,). 
Hence, except for the short interval of time during which the electron 
is near the filament, it is at time ¢ at the complex point 
2(t) = bexp20, cm $(wt—wt, exp $1(wt—wt,). (28) 
If b/a = 500, M = 99° 40’ from p. 77, and the precession is 19° 20’. 
Since every electron begins with h = B = 0 (velocity of emission 
being neglected), equation (28) is sufficiently accurate for calculating 
the current during any one orbit (cf. § 5), the successive orbits 
requiring different values of 6, and ¢, (§ 11). The greatest distance 
of an electron from the filament, when h and B are small but not 
zero, is found from Hull’s equation, derived from (21) and (22) by 
putting dr/d@ = 0 and eliminating 6. If a? is neglected, the greatest 
distance is b(1+-8), where 
a. ] | : 2c > 


|" log(b/a)) mi as 4 


(29) 


11. Theory of multiple orbits 
Let small potentials +-}A4 cosvt be added to the right-hand and 
left-hand sectors of the anode, and take instead of (3) the field at 
the centre of the circle |z| = b, that is 
X (t)+7¥ (t) = (2A/zb)cos vt. (30) 
Then from (2) the electron is at the point z(¢)+-z at time t, where 
eA [expit — exp it,—exp(—wt)+exp(— ty) ‘ 


m mwb V 


a 


, exp U(vty+ wt —wt,)—exp wt ad 


y= @ V-+rWw 
We shall suppose in what follows that the period of the oscillations 
is the same as the time of one orbit. Thus if an electron moving away 
from the filament (after any deflexion it may have experienced near 
it) in a direction 0, at time ¢, reaches its greatest distance from the 
filament at time ¢,, vtj—vt) = 7 and 0,—6, = }(wt,—wt,) = M. 
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Let r be the greatest distance of the electron from the filament. 
Then since the electron is at the point 6(1+-8)exp70,+2, at time ¢,, 
we find without difficulty that 

w(2w-+r) 
v(v-+w) 
+ °  cos(rt.—0,+2M) ——* cos( oly +8,— 22) | (31) 


| 
V—wW Vv Ww 


ry B+. A_ ney 0080) + cos(vty+6,)+ 


b 87 


To find the h and B generated by the oscillating potential in one orbit, 

write x and y for the real and imaginary parts of z(t) in (28). Then 

mdh/dt = —yX and edB/dt = X dx/dt, where X = (2eA/zb)cos vt is 

the disturbing force on the electron. Integrating we find the total 

change s 
2eA [ : 

=— em 6 sin(@+-6,)cos(vt, +) dip, 


mrv | 


“We 
where % has been written for vt—vt, and @ for }(wt—wt,) or anxb/2v. 
Hence 
7 
sin 6, cos vty | cm @cos @ cosy db — 


. 0 


WwW A 


WPT 


7 
—cos 6, sin vty { cm asin Osinys ap, 


. 


0 
and similarly, after an integration by parts, 
7 
|- cos 6, sin vty | cm @ cos 6 cos % db + 
0 


_4A 
mo 
+-sin 0, cos vty | em 6 sin @ sin ap. 
0 

The numerical calculations will be made with b/a = 500, for which 

vjw = 0-903. The cosine and sine integrals are 0-807 and 0-798, and 

hence from (29) the amounts of c, B and f acquired in one orbit are 
given by 

c/b = (0-284 sin 6, cos vt,—0-281 cos 8, sin vty) A/V, (32) 

B/V, = (1-016 sin 6, cos vty— 1-026 cos 8, sin vty) A/V (33) 

and B = (0-243 sin @, cos vt,—0-252 cos 8, sin vty)A/N, (34) 


while (31) gives 
r/b—1 = B+(P cosvty+ Qsin vt,)A/N, (35) 
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where 
P = —0-024 cos 6,+0°143 sin 6, Q = —0-129 cos 0,—0-198 sin 0,. 











0, P Q 0, P Q 0, | P Q | 


| oO — 0-024 | —0-129 |. 60° | 0-112 | —0-235 | 120° | 0-136 
| 10° 0-001 | —0-161 70° | 0-126 | —0-230) 130° | 0-125 

20° 0-026 | —0-189 || 80° | 0-137 | —0-217 | 140° | 0-110 
| 30° 0-051 | —0-211 || 90° | 0-143 | —0-198 | 150° | 0-093 
| 40° 0-074 | —0-226 | 100° | 0-145 | —0-173 | 160° | 0-072 
| 50° 0-095 | —0-235 | 110° | 0-142 | —0-142 |) 170° | 0-049 








After 180°, P and Q repeat with reversed sign. 

If for example 0, = 0, the electron turns without having met 
the anode if —10° 30’ < vt, < 169° 30’. Let us follow the electron 
vty = 90° when K = 225 volts and A = 5 volts. Beginning with 
c= B=fB=0, the last four equations give r/b—1 for the first 
orbit and B/Y,, 8 and c/b at the end of the orbit. Then (24) gives 
a/a, and (25) and (26) give the deflexion near the filament. Adding 
the precession we have 6, for the second orbit. The process is repeated 
until either a/a < 1 (when the electron is caught on the filament) or 
r/b—1 > 0 (when it is caught on the anode). 





6, rbb—1 | BM B 





First orbit 0 | —0-00286 | —0-0228 | —0-00559 
Second ,, 55° 12’ | —0-01081 | —0-0358 | —0-00878 
Third _,, 106° 40’ | —0-01215 | —0-0293 | —0-00718 | 
Fourth ,, | 159° 38’ | —0-00603 | —0-0079 | —0-00194 
Fifth _,, 228° 48’ | 0-00326 














The electron meets the anode in the fifth orbit. 
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